DIFFERENTIAL FORMS ON SYMPLECTIC QUOTIENTS 



JORDAN ALAN WATTS 



Abstract. We show that the de Rham complex defined by Sjamaar on a symplectic quo- 
tient is intrinsic. As a result, when obtaining a quotient via reduction in stages, the de 
Rham complex on the quotient is independent of the reduction. 
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1. Introduction 

Let G be a compact Lie group acting on a connected symplectic manifold (M, u) such 
that the action is Hamiltonian with proper momentum map $. In Sjamaar introduces a 
notion of differential form on the symplectic reduced space M//q G := $ _1 (0)/(t. In general 
the reduced space is not a manifold. In fact, it is a stratified space with symplectic strata 
whose ring of smooth functions carries a Poisson structure (see [I] 



In brief, Z := $ _1 (0) is a G-invariant subset of M, and there exists a closed subgroup 
K < G such that Ztjn '■= {x & Z \ there exists g G G satisfying Stab(x) = gKg' 1 } is an 
open dense subset of Z with its subspace topology. Z/jc) is a G-manifold, and Zik)/G is 
an open dense and connected subset of the symplectic quotient M// G = Z/G. Z(K\jG is 
also a manifold with a (unique) smooth structure such that a function / G C°°(Z(k)/G) if 
and only if (n\z {K) )*f locally extends to a smooth function on M. Let i : Z — > M be the 
inclusion. A differential k-form \x on M//o G is a differential fc-form in Q h (Z(K)/G) satisfying 

(tt| Z(k) )> = (i\ Z{K) T a 

for some a G Q k (M). In particular, for k = 0, we recover the smooth structure C°°(M//o G) 
introduced by Arms, Cushman and Gotay in pQ. These differential forms on M// G form a 
complex (fi(M//o G), d) that satisfies a de Rham theorem, Poincare Lemma, Stokes' theorem 
among other properties, as proven in [29J. 
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The purpose of this paper is to prove that the complex (0(M//o G), d) is intrinsic to M//q G. 
That is, if (M', u') was another connected symplectic manifold yielding a Hamiltonian fr- 
action with symplectic quotient M'//q G, then we have the following theorem. 

Main Theorem. If F : M//qG — > M'//qG is a homeomorphism inducing an isomorphism 
F* : C°°(M' I/qG) — > C°°(M I/qG) , then F restricts to a diffeomorphism from an open dense 
connected subset of M// G to an open dense connected subset of M'// G that induces an 
isomorphism of complexes F* : {Q{M'// G), d) — > {Q{M// G),d). 

As an application, we show that if the group G is a product G = G\ x G 2 , then the 
resulting complex of differential forms does not depend on whether the reduction was done 
in stages or not, nor does it depend on the order of these stages. In |29| . Sjamaar shows a 
special case of this. 

The idea of the proof of the Main Theorem is as follows. The smooth structure on the 
reduced space makes it into a subcartesian space; that is, we can locally smoothly embed 
M//qG into Euclidean space. This structure induces Hamiltonian vector fields on M//qG, 
which induce an orbit equal to the open dense connected subset of M// G above. We then 
define a complex of differential forms as smooth fibrewise-linear functions on exterior prod- 
ucts of the tangent vectors in the images of these vector fields. We then show that these 
are isomorphic to (Q(M// G),d). Since these forms are intrinsic to M// Q G equipped with 
C°°(M// G), this will complete the proof. 

Section 2 is a detailed set of preliminaries required to define (Q(M//o G), d) precisely, and 
to create the setting in which we will prove the Main Theorem. Section 3 reviews and devel- 
ops the theory of vector fields on subcartesian spaces required to prove the Main Theorem. 
Section 4 defines differential forms as described above, and proves the Main Theorem. Sec- 
tion 5 is a review of reduction in stages, and the proof of the application mentioned above 
is found here. 

Before continuing, it is worth mentioning that many different definitions of "smooth struc- 
ture" appear in the literature. Stacey in his article [33] compares some of these. Stacey 
makes note that the smooth structures discussed are defined by maps into a set /topological 
space {e.g. diffeological spaces, introduced by Souriau; see (32] and [12]), maps out of a 
set /topological space {e.g. differential spaces, introduced by Sikorski; see [27] and [28J ) , or 
both {e.g. Frolicher spaces, introduced by Frolicher; see [TU] and |22j). In this paper we will 
use the differential space approach: a differential space is a topological space X equipped 
with a sheaf of functions that satisfies certain axioms. However, we will still make use of 
maps into X inducing some form of structure. In fact, integral curves coming from local 
flows of vector fields play an essential role throughout. Structures such as stratifications and 
foliations translate into this language quite readily. 

Finally, there has been much study of the quotient space M//o G in the case that it is 
not a manifold; this is generally referred to as singular reduction, and references include 
Arms, Cushman, and Gotay [lj, Guillemin, Ginzburg, and Karshon [TT], and Meinrenken 
and Sjamaar [20] . 
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2. Preliminaries 



The purpose of this section is to review concepts that will be used throughout the paper; 
in particular, so that the reader may understand precisely the main theorem and the setting 
in which we prove it. 



The Setting. Let G be a compact Lie group acting smoothly on a connected smooth 
manifold M. 

Definition 2.1. The orbit space M/G of this action is the set of equivalence classes given 
by the following relation on M: for x, y G M, x ~ y if x and y are in the same G-orbit; that 
is, if there exists g G G such that g ■ x = y. We equip M/G with the quotient topology, 
which makes M/G into a Hausdorff and locally compact space. 

Now assume M is a symplectic manifold with symplectic form u. 

Definition 2.2. A smooth G-action on (M, oS) is Hamiltonian if the action preserves u and 
there exists a smooth map $ : M — >■ Q* (where g* is the dual to the Lie algebra g of G) 
satisfying: 

(1) $ is G-equivariant with respect to the coadjoint action of G on g*, 

(2) For any (eg, let £m be the vector field induced by £ on M: for any x G M, 

€m\x ■= 4 exp(tf) ■ x, 
at t=o 

and let <f>*(x) := where (, ) is the pairing between g* and g. Then 

(mjw = -d&. 

We call $ a momentum map. 
Let Z := fc-^O). 

Theorem 2.3 (Marsden-Weinstein, Meyer). If is a regular value of $, £/ien i : Z ^ M 
is a smooth embedded G-invariant submanifold of M. If in addition G acts freely on Z , 
then the orbit space M// G := Z/G is a smooth manifold, ttz '■ Z — > M// G is a principal 
G-bundle, and M// G admits a symplectic form satisfying tc^Uq = i*u. 

Proof. (See [16J and [21J .) □ 

Definition 2.4. M// G above is called the symplectic reduced space of the action, and usq 
the reduced symplectic form. 

If is not a regular value of $, then Z may not be a smooth submanifold, and thus M//o G 
need not be a smooth manifold. The latter case may also occur if G does not act freely on Z. 
In such cases, Z is still G-invariant, and the quotient space Z/G equipped with the quotient 
topology is still Hausdorff and locally compact. We thus obtain the following commutative 
diagramme of continuous maps, where j : Z/G >■ M/G is the inclusion, and i is smooth: 

Z — *- M (1) 

Z/G —* M/G 



Stratified Spaces. We quickly review the definition of a decomposed space and a stratified 
space, and apply it to the situation above. (See [23] for details on decomposed and stratified 
spaces.) 

Definition 2.5. A decomposed space X is a paracompact, second- count able, Hausdorff topo- 
logical space, equipped with a locally finite partition T> of X into locally closed subsets, called 
pieces, which with their subspace topologies admit smooth structures, and that satisfy the 
"frontier condition": for any P\, P 2 G T>, if Pi fl P2 7^ 0, then Pi C P 2 . In this case Pi is part 
of the boundary of P 2 . 

Remark 2.6. Throughout this paper, we will be concerned with subsets of R™, or topological 
spaces locally homeomorphic to subsets of R™, in which case "locally closed" and "locally 
compact" are equivalent. 

Definition 2.7. A stratified space X is a paracompact, second-countable, Hausdorff topo- 
logical space equipped with a map (called a stratification) sending x G X to the set germ S x 
of a closed set S C X at x. This map is required to satisfy: for any x G X there exists an 
open neighbourhood U of x and decomposition T>u of U such that for each y G U , the set 
germ S y at y is the set germ of the piece in T>u containing y. 

Remark 2.8. Every decomposed space X has an induced stratification: for any x G X, 
assign to x the set germ S x of the piece containing x. The pieces of the decomposition in 
this case are called strata. 

Example 2.9. Consider the square [0, 1] x [0, 1]. The partition given by 
V = {{(0,0)}, {(0,1)}, {(1,0)}, {(1,1)}, (0,1) x {0}, 

(0,1) x{l}, {0}x(0,l), {l}x(0,l), (0,1) 2 } 

makes the square into a decomposed space, and with its induced stratification, a stratified 
space. 

Definition 2.10. Let (X, Sx) and (Y, Sy) be stratified spaces. A continuous map / : X — > Y 
is a stratified map if for any x G X there exist an open neighbourhood V C Y of f(x) and 
an open neighbourhood U C / -1 (V) of x, decompositions T>u of U and T>y of V inducing 
the restrictions of Sx to U and Sy to V, respectively, so that for any y G U, there is an 
open neighbourhood W C U of y satisfying f\(s x ) y nw is a smooth map into (Sy)f( y ). (Sx) y 
and (S y ) f(y\ here are the pieces in T>u and T>y containing y and f(y), respectively. An easier 
formulation of this is to say that / maps the set germ (Sx)x onto a subgerm of (Sy)fi x ). 

Remark 2.11. In the case of decomposed spaces (X,T>x) and (Y,Dy) with their induced 
stratifications, the above stratified map reduces to mapping each stratum of T>x into a 
stratum of T>y smoothly. 

Definition 2.12. Fix a topological space X with decompositions T>i and T> 2 - T^i is a 

refinement of V2, denoted T>\ > T>2 if for every piece Pi G T>i, there exists P 2 G T>2 such 
that Pi C P 2 . This induces a partial ordering on the set of decompositions on X. We say 
that T> is minimal if for any T>' such that T> > V, we have T> = V. 



Example 2.13. The square [0, l] 2 with the decomposition given in Example 12.91 is minimal. 
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We now return to the setting above in Diagramme [TJ G acts on (M, u>) in a Hamiltonian 
fashion with momentum map $, Z is the G-invariant level set $ _1 (0), and Z/G is the quo- 
tient equipped with the quotient topology. Let if be a closed subgroup of G, and let M(#) 
be the set of all points in M whose stabiliser is a conjugate of H . Then, M is the disjoint 
union of the sets M(h) as H runs over closed subgroups of G. 

The quotient map 7r : M — > M/G partitions M/G into sets tt(M^h)) as H runs over closed 
subgroups of G. The sets Z(h) '■= Mijj) H Z form a partition of Z, and this in turn induces 
a partition on Z/G via 7Tz similar to that on M/G. 

Theorem 2.14 (Principal Orbit Theorem). 

(1) The partitions on M, Z and the corresponding orbit spaces M/G and Z/G defined 
above induce stratifications, where the strata are given by connected components of 
the sets in the partitions. 

(2) Each stratum in the stratification on M and Z is G-invariant. 

(3) There exists a closed subgroup K\ of G such that Mr^i) is an open dense stratum, 
and hence ^(M^)) is an open dense stratum of M/G. Also, if $ is a proper map, 
there exists a closed subgroup K 2 of G such that Z^ 2 ) is an open dense stratum, and 
7Tz(Z^k 2 )) is an open dense connected stratum. 

(4) The maps i, ix, Tiz and j are stratified with respect to the stratifications described 
above. 

Proof. The last statement above is clear by definition of the decompositions. See [H] and |14| 
for the first three statements. □ 

Definition 2.15. We call the above stratifications orbit-type stratifications of each respective 
space. We will denote i\z (H) by i(H) and nz\z (H) by tt^h) for each relevant H. 

Theorem 2.16 (Bierstone). The orbit-type stratification of M/G is minimal. 

Proof. See [5 J and [6]. □ 

To summarise, Diagramme [T] sits in the category of stratified spaces. 

Differential Structures. We review the notions of differential and subcartesian spaces, 
and then apply it to our setting above. 

Definition 2.17 (Sikorski: [57], [2S]). Let X be a topological space. A differential structure, 
sometimes called a Sikorski structure, on X is a family J 7 of continuous functions into R 
satisfying: 

(1) {/ _1 ((a, b)) | / G J 7 and (a, b) C R} is a subbasis for the topology on X. 

(2) For any open set U C X, positive integer k, functions fx, fj. G J 7 and F G C°°(R fc ), 
the composition F(f\, /&) is contained in J 7 . 

(3) Let / : X — > R be a function such that for any x G X there exists an open neigh- 
bourhood U C X of x and a function g G J 7 satisfying f\u = g\u. Then / G J 7 . 

A set X equipped with a differential structure T is called a differential space or a Sikorski 
space, and denoted (X, J 7 ) . 
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Definition 2.18. Let (X, J~x) and (Y,JV) be two differential spaces. A continuous map 
F : X — » Y is (Sikorski) smooth if F*J-~y ^ J~x- ^ is called a diffeomorphism if it is smooth 
and has a smooth inverse. 

Differential spaces along with smooth maps form a category. One of the most important 
properties of this category is given in the definition below. 

Definition 2.19. Let (X, J 7 ) be a differential space, and let Y C X be any subset. Then 
Y, with the subspace topology induced by X, acquires a differential structure J-y as follows: 
/ G J-y if and only if for every x EY there is an open neighbourhood U C I of i and a 
function / G T such that 

/limy = /Itmr- 
We call (Y, J-y) a differential subspace of X. 

Definition 2.20. Fix a differential space (X, J 7 ) We say that J 7 is generated by a family 
Q C J if for any / G J 7 and x G X there exists an open neighbourhood U C X of x, 
functions g 1; g fc G Q and a function F : M fc — >■ K satisfying /|[/ = g*) | tr- 

Example 2.21. Let (X, J 7 ) and (Y,Q) be two differential spaces. Then form the product 
differential space (X x Y, J 7 x Q) where J 7 x Q is generated by functions of the form / o pr x 
for / G J 7 or g o pr y for g E Q. Here, pr x and pr y are the projections. 

Definition 2.22. Let (X, J 7 ) be a differential space, and let ~ be an equivalence relation 
on X. Then X/ ~ obtains a differential structure Q — {/ : X/ ~— >■ R | 7r*/ G J 7 } where 
7T : X — > X/ ~ is the quotient map. 

Remark 2.23. Note that we do not endow the set X/ ~ above with the quotient topology. 
In general, the topology induced by Q and the quotient topology do not match. The quotient 
map, however, is continuous (and hence smooth by definition of the differential structure on 
the quotient). 

Definition 2.24. A subcartesian space is a paracompact, second-countable, Hausdorff dif- 
ferential space (S, C°°(S)) where for each x £ S there is an open neighbourhood U C S of x 
and a diffeomorphism ip : U — > U CR™, called a chart, onto U as a differential subspace of 
W l . 

Remark 2.25. The original definition of a subcartesian space was given by Aronszajn and 
Szeptycki (see [2], [3] and [1]). While the definition is different, it is in fact equivalent to the 
one above. 

Remark 2.26. 

(1) If R is a closed differential subspace of a subcartesian space S, then C°°(R) = 
C oc (S)\r, the restrictions of functions in C°°(S) to R. 

(2) Note that C°°(S) induces a sheaf on S: for any open subset U C S, C°°(U) is the 
differential structure on U as a differential subspace of S. 

(3) Subcartesian spaces, along with smooth maps between them, form a full subcategory 
of the category of differential spaces. 

(4) A subcartesian space admits smooth partitions of unity (see [17]). 
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(5) For any subset AC1" define n(A) to be the ideal of all smooth functions on R n 
whose restrictions to A vanish. Let S be a subcartesian space. Then, for each chart 
tp : U — > U C R n , the set of restrictions of functions in C°°(R n ) to U is isomorphic 
to C°°(R n )/n(U). We thus have <p*C°°(R n ) S C°°(R n )/n(f7). 

Definition 2.27. Let (X, J 7 ) be a differential space. J 7 is locally finitely generated if for any 
x G X, there is an open neighbourhood U of x and functions gi, G J 7 such that for any 
/ G J, there exists F G C°°(R fc ) satisfying /|[/ = F(gi, qk)\u- (X^ 7 ) is locally finitely 
generated and separated if {7 and q lf ...,qk above can be chosen such that g 1; ...,qk separate 
all points in U. 

Proposition 2.28. Let (X, J 7 ) be a paracompact, second- countable differential space where F 
is locally finitely generated and separated. Then (X, J 7 ) is a subcartesian space. Conversely, 
any subcartesian space is locally finitely generated and separated. 

Proof. Fix x G X. By the hypothesis, there exist an open neighbourhood U of x and 
qi, q n G J 7 separating all points in U. Let tp : U — > R n be defined by (p = (qi\u, ••■> Qn\u)- 
Then by definition of a differential structure, tp is a smooth map between U and IR n . Since 
fi\u, fn\u separate points of U, tp is bijective. 

Next, for any / G J 7 , there exists F G C°°(W n ) such that 

/If/ = F(q u ...,q n )\u = F ap. 
Hence, ((p^ 1 )* f = F\u, and so *p~ x is smooth. 

Finally, since X is paracompact, there exists a locally finite covering of X with open sets 
{U Q } a( zA such that for each a G A, there exist qf,...,q" G J 7 that separate points in U a . 
Let {CajaeA De a partition of unity subordinate to {U a } a£ A- Then, the set of functions 
UaeAiCa^i > CaQn a } separates all points of X, and so X is Hausdorff. 

For the converse, let S be a subcartesian space. For any x G S, let (p : U — > U C R n 
be a chart about x, and let q 1 , ...,q n be the coordinate functions on R™. Then <y9*g 1 , (p*q n 
generate the restriction of any function / G C°°(S) to U, and they separate all points in 
U. □ 

This proposition was inspired by a similar one in [22J. 

Lemma 2.29. Let R and S be subcartesian spaces, and let F : R — )■ 5 6e any map between 
them. Then F is smooth if and only if F is continuous and for every x G R, there is a 
chart tp : U — » C7 C R m a6oni x and a chart ip : — > V C R™ a^oni snc/i iaai 

ip o F o ip~ l :[/—>■ y extends to a smooth map F : R m — >■ R n . 

Proof. Fix x G -R, and let ?/> : V — >■ V" C R n be a chart about F(x). Let q l ,...,q n be 
coordinate functions on V; that is, g* := ?/>*x* for i = l,...,n. Then, q % G C°°(V), and so 
(F\ F ^i {v) )*q i G C 00 ^- 1 ^)). Let ip : U ->• E/ C R m be a chart about x such that U C 
and let p l ,...,p n G C°°(R m ) such that (Fl^g 1 = (shrinking Z7 if necessary). 
Define F := (p 1 , G C°°(R m ,R n ). Then, 

f'ofo^^O ((Fl^) V, (^|C/)V) = F\ V . 
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Thus F\jj = ip o F o ip 1 . 

Conversely, let / G C°°(S). Then, for every x G R, there exist a chart if) : V — > V C M™ 
about F(x), a chart <£> : U U C M m about a; with Z7 C F _1 (K) and a smooth map 
F : M m -> R" and a smooth function / G G°°(R n ) such that /| v = if)*f and 

{F*f)\ u =foif)- l oFotp 

= f O F O (f. 

But, / o F g G°°(M m ) and so /o F o <p = (F*f)\u G ^*C°°(R m ). Hence, F*/ G G°°(F). 
Thus, F is also smooth. □ 

Equip M/G with the quotient differential structure, which we denote by C°°(M/G). Note 
that 7T* : C°°(M/G) -> G°°(M) G is an isomorphism of M-algebras, where C°°(M) G is the 
algebra of G-invariant smooth functions. 

Theorem 2.30. If G is a compact Lie group acting on a connected smooth manifold M, 
then M/G is a subcartesian space and n* : C°°(M/G) — > C°°(M) G is an isomorphism of 
R-algebras. 

Proof. Cushman and Sniatycki have shown in [8] that the topology induced by C°°(M/G) 
is equal to the quotient topology on Mj G. 

Recall the slice theorem of Koszul [13j: fix x G M. Then if H is the stabiliser of x and 
V is the slice (or isotropy) representation at x, then there exist a G-invariant open neigh- 
bourhood U of x, a G- invariant neighbourhood W of [e, 0] £ G x H V and a G-equivariant 
diffeomorphism F : U W sending x to [e, 0]. 

Next, shrink U so that it intersects only a finite number of orbit-type strata (which is 
possible since the orbit-type stratification is locally finite). A proper embedding ip : X — > Y 
between differential spaces (X, F) and (Y,G) is a smooth, proper and injective map such 
that ip* : Q — > F is surjective. Then by the Mostow-Palais theorem (see [7]), there exist 
iV > and a linear G-action on M. N and a G-equivariant proper embedding ip : U >■ M. N . ip 
descends to a proper injection (p : U/G ^ ~R N /G. 

Hilbert showed that IRfx 1 , ...,x ] is a finitely generated algebra (see [19|). Let {pi, ...,Pk} 
be a set of generators of Rfx 1 , x N ] G , and define p = (pi,---,Pk) '■ ^ N — > R fc - Schwarz 
showed in [21] that p descends to a proper injective map p : W N /G Thus, equipping 

M^/G with the differential structure G°°(M Af /G) := p*G°°(M /c ), p becomes a proper embed- 
ding, M. N /G is diffeomorphic to a differential subspace of IR fc , and hence is subcartesian. By 
Schwarz glj, G°°(M Af ) G = p*C°°(R k ), and so if vr' : R N ->■ M^/G is the quotient map, then 
7r'* : G°°(lR Ar /G) — >■ G°°(IR Ar ) G ' is a surjection. Since 7r' is surjective, then it* is injective, and 
we get vr'* : C°°(R N /G) -)■ G 00 (M 7V ) G is an isomorphism of M-algebras. 
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M - 3 u c — — R N - JL ^ R k (2) 




M/G - 3 U/G R^ /G 



Since (p is a proper embedding, : C QO (R Jvr ) — > C°°(U) is a surjection. Let / G G°°(£/) G . 
Then there exists g G C 00 (R JV ) G ' such that / = ip*g. g\ v {u) is G-invariant, and averaging over 
G, we may assume g is G-invariant everywhere on M. N . Thus, <p* restricts to a surjection 
C°°(R N ) G -» C°°(U) G . Since ir\ v is a surjection from U to [7/G, (7r|[/)* is an injection. 
Fixing / G G°°(£/) G , there is a function g G G°°(]R Ar ) G such that / = tp*g. But since 
tt 1 * : C°°(R N ) G ->■ C°°(R N /G) is an isomorphism, there is some G C°°(R N /G) such that 
ip*(jr*g') = (jr\u)* (ft* g') = f ■ Hence, {tt\u)* is an isomorphism. 



For any x G Mj G, there exist a neighbourhood W of x and a proper embedding if) : W ^ 
R k . Let q 1 ,...,q k be coordinate functions on R fc . Let /' := {^^{w))*^*^ e G°°(7r _1 (H / )) 
for i — 1, fc, which are G-invariant on 7r~ 1 (W / ). Extend these to smooth functions on M, 
and average them over G to obtain G-invariant functions f 1 , / fc G C°°(M) G such that for 
each i — 1, fc, /' = 7r*(7* where ^ l G G°°(M/G). Note that separates points in 

and since g l \w = q 1 o ip, they generate restrictions of functions in G°°(M/G) to W. Thus, 
G°°(M/G) is locally finitely generated and separated, and since M/G is paracompact and 
second-countable, by Proposition I2.28[ M/G is subcartesian. □ 

Let C°°(Z/G) be the differential structure on Z/G induced by j. 

Theorem 2.31. Z/G is a subcartesian space, and tt* z : G°°(Z/G) — > C°°(Z) G is an isomor- 
phism of R- algebras. 

Proof. Note that Z/G is a closed subset of M/G (and hence is subcartesian), and so C°°(Z/G) = 
C°°(M/G)\z/g- We now show that n z is smooth. Let / G C°°(Z/G). Then there exists 
g G C°°(M/G) such that / = j*g. There exists £ = n*g G G°°(M) G . Let f = i*g e G°°(Z) G . 
Then, / = tt|/. 

Next, since 7r^ is surjective, 7r^ is injective. To show that tt* z is surjective, fix / G C°°(Z) G . 
Since Z is closed, there exists g G G°°(M) such that / = Averaging over G, we may 
assume that g is G-invariant. Thus, there exists g G G°°(M/G) such that 7r*g = g. Thus, 
/ = 3*9 £ G°°(Z/G), and 7r^/ = /. We get that 7r^ is an isomorphism of R-algebras. □ 

Remark 2.32. The smooth structure C°°(Z/G) is isomorphic to a smooth structure on Z/G 
introduced by Arms, Cushman and Gotay in [lj. The isomorphism in the theorem above is 
in fact its definition. 

Basic Forms. We continue with the setting given by Diagramme [H in particular, we have a 
compact connected Lie group G acting in a Hamiltonian fashion on a connected symplectic 
manifold (M,u) with proper momentum map $ : M — > Q*. Let i : Z := $ _1 (0) ■=-)■ M 
be the (G-equivariant) inclusion. All four spaces in the diagramme come equipped with 
their orbit-type stratifications and smooth structures, and the maps of the diagramme are 
stratified and smooth. 
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Definition 2.33. A differential form /i G fi fe (M) is fraszc if it is 

(1) G-invariant: for any g G G, = /x, and 

(2) horizontal: for any £ G Q, 

Cm -i A* = 0- 

Denote the set of all basic /c-forms on M by f2£ asic (M). 

Theorem 2.34 (Koszul). (Ql asic (M), d) forms a subcomplex of (Q* (M) , d) , and the corre- 
sponding cohomology H£ asic (M) is isomorphic to the singular cohomology H*(M/G) with real 
coefficients. 

Proof. See |13]. □ 

Remark 2.35. If M/G is a smooth manifold, then for each fi G fl^ asic (M), there exists a 
unique rj G Q k (M/G) such that tt*t] = fi. Thus, in light of the above theorem and the de 
Rham theorem, tt* : (Q*(M/G),d) — > (Ql asic (M) , d) is an isomorphism of complexes. 

Left-Invariant and Hamiltonian Vector Fields. 

Definition 2.36. A vector field X on M is left-invariant if for any g G G, g*X = X. Denote 
the set of left-invariant vector fields by Vect(M) G . A vector field X on M is Hamiltonian 
if there exists a function / G C°°(M) satisfying X_iu> = —df. In this case, it is customary 
to denote X as Xf. This induces an IR-linear map G°°(M) — > Vect(M). Denote the image 
Ham(M), and the left-invariant Hamiltonian vector fields by Ham(M) G . 

Remark 2.37. Vect(M) G , Ham(M) and Ham(M) G are all Lie subalgebras of Vect(M) 
under the commutator bracket. Note also that for any X G Vect(M) G , the local flow 
(t, x) i — y exp(tX)(x) of X is G-equivariant: for any g G G, 

g ■ exp(tX)(x) = exp(tX)(g ■ x). 

Example 2.38. Let £ G Q. Then the induced vector field £m is Hamiltonian. 

Proposition 2.39. 

(1) If X is a left-invariant vector field, then for any H < G such that M/m is nonempty, 
X is tangent to Mtm, and so restricts to a vector field on M<h)- 

(2) If X is a left-invariant Hamiltonian vector field, then X is tangent to the G-manifold 
Z(h), and so tf H \X is well-defined. 

Proof. 

(1) Let ipt be the flow of X. Then tp t is G-equivariant: if x G M and g G G, then 
ipt{g ' x) — 9 ' ^t(^) for all t in the flow domain. If g G Stab(x) =: H, then ipt{x) = 
i[>t{g ■ x) = g ■ ?pt(z), and so ipt preserves stabilisers along their trajectories. Thus, 
these trajectories remain in Mm), and so X is tangent to Mm)- 

(2) Using the first statement of the proposition, it is enough to show that = for 
any £ G 0. Let / G C°°(M) such that X = Xf. By averaging over G, we can choose 
/ such that it is G-invariant. Thus, 

=d&(X) 

=u(X, £m) 

= - #(£m) = o. 

This completes the proof. 
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□ 

Lemma 2.40. For any H < G such that Z/m is nonempty, there is a Lie algebra homo- 
morphism Ham(M) G — > Ham((Z/G)(^)) sending Xf to X h where h = j*^*)^ 1 f)\(z/G) (H) > 
where (tt*)" 1 : C°°(M) G C°°(M/G). 

Proof. Fix X f G Ham(M) G where / G C°°(M) G and H < G such that Z( H ) is nonempty. 
Then there exists g G C°°(M/G) such that ir*g = f. By Proposition I2.39[ Xf restricts 
to a G-invariant vector field (Xf)\z (H) on Z(jjy This descends via it (if) to a vector field 
Y on (Z/G)(h)- We claim that Y is the Hamiltonian vector field of the smooth function 
fg\{z/G) {HY Indeed, 

7i* {H) (Yju {H) ) =X f \ ZiH) ji* H) uj 

= Z (H)( X / JW ) 

=i (H) (~ d f) 

= (n oi {H) )*(-dg) 

=U °n(H))*(-dg) 

=n* H )(-dj*g\(z/G) iH) )- 

By Theorem 12.341 and Remark 12.351 7r*^ is an isomorphism onto its image, and so we 
conclude that YjU(h) = —dj*g. Letting h = j*g\(z/G), H y we thus have Y = Xh. □ 

For any H < G such that Z(h) is nonempty, let Xf, X g G Ham(M) G . There exist Yj., Y 2 G 
Ham((Z/G)(jj)) G satisfying Lemma [2.401 We have the following second lemma. 

Lemma 2.41. i* H) (u(X f , X g )) = tt* h) (u (h) (Y u Y 2 )). 

Proof. By Lemma [2.401 since Xf G Ham G (M), there exists Y\ G Haxa((Z / G) rm) which is 
Hamiltonian with respect toafunction h\ G C°°((Z/G)(h)) satisfying hi — j*(('K*)~ 1 f)\(z/G)r Il 
Similarly, there exists Y 2 G Ham((Z/G)(m) which is Hamiltonian with respect to h 2 = 

3*(^Y l f)\ { Z,G) {H y SO, 

=i\H) UJ (Xf\z (HV X g \ Z{H) ) by Proposition I2J39] 

=TC (H) U (H) {Xf | Z(H) , X g I Z(H) ) 
—^(H) ( U (H) (Yi,Y 2 )). 

□ 

Poisson and Symplectic Structures. 

Definition 2.42. A Poisson bracket on a differential structure J 7 on a differential space X 
is a Lie bracket {, } satisfying for any f,g,h£ T: 

{f,gh} = h{f,g} + g{f,h}. 

Example 2.43. Define {, } on (M,cu) by 

{f,g}:=u(X f ,X g ). 

This is the standard Poisson structure on a symplectic manifold. 
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Theorem 2.44 (Lerman-Sjamaar). For each closed subgroup H < G such that Ztm is 
nonempty, the manifold (Z/G)^ admits a symplectic form OJim £ ^ 2 {{Z/G)(H)) satisfying 

(7T(H))*W(H) = 

Proof. See |H]. □ 

Since these manifolds {ZjG)nj\ are symplectic, their rings of functions admit Poisson 
structures {•, as in Example 12.431 In fact, we can define a Poisson bracket on all of 
Z/G as follows. 

Definition 2.45. Let f,g e C°°(Z/G), and let x G (Z/G) (H) for some H < G. Then define 



{f>9}z/c( X ) := {f\(Z/G) (H) ,g\(Z/G) (H) } {H) 



X 



Proposition 2.46 (Lerman-Sjamaar). The above bracket defines a Poisson bracket on C°°(Z/G) . 

Proof. See [H]. □ 

We can also define a Poisson structure on C°°(M/G): 

Definition 2.47. Let f,g e C^i^M/G). Then define {f,g} M/G := (n*)- 1 {n* f , n* g} , where 
(tt*)- 1 is the inverse of the isomorphism vr* : C°°(M/G) ->• C°°(M) G . 

Proposition 2.48. The above bracket defines a Poisson structure on C°°(M/G). 

Proof. C°°(M) G is a Poisson subalgebra of C°°(M) and ir* is an isomorphism between 
C°°(M/G) and C°°{M) G . The result follows. □ 

Definition 2.49. Let (X, J 7 , {, } x ) and (Y,Q , {,} Y ) be differential spaces equipped with 
Poisson structures. A smooth map F : X — > Y is Poisson if for every f,g & G, F*({f, g} Y ) = 
{/• /. /-.'/} v 

Proposition 2.50. 7r and j are Poisson morphisms. 

Proof. By definition of the Poisson structure on C°°(M/G), it is a Poisson map. As for j, 
fix z e Z ( if) and let x = 7r (ff) (z). Let f,gE C°°{M/G). Then, 

#}m/g( x ) ={/> ^Im/gO'OO) 

=Kj>M(^)) 

=w(A 7r * / ,X 7r . fl )(z(2;)) 
=^ H) (w(X 7r . / ,X^ 9 ))(2;) 

^(^(yi.ij))^) byLemma[2H] 

where Yi = X hl and Y 2 = X h2 with = j*{{n*Y l ii* f)\(z/G) {H) = ff\(z/G) (H) , and a similar 
formula for /i 2 replacing / with g. Thus, we have 

f{f,g} M /G( x ) ={ff\{z/G) (H) ,fg\(z/G) (H) } [H) {x) = {j*f,j*g, } Z/G{x). 

This completes the proof. □ 

Before continuing, we summarise our setting so far. Diagramme [T] is in the category of 
smooth, stratified spaces, M, Mj G and Zj G come equipped with Poisson structures on their 
rings of smooth functions, and 7r and j are Poisson morphisms with respect to these Poisson 
structures. 
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The de Rham Complex on a Symplectic Quotient. From the Principal Orbit Theorem I2.14[ 
we know that there exists a closed subgroup K C G such that (Z/G)/k) is open, connected 
and dense in Z/G. We call this stratum the principal stratum. 

Definition 2.51. A differential form on Z/G is a differential fc-form \x G Q k ((Z/G)(K)) such 
that there exists ft G Q k (M) satisfying Tr* K ^fi = ^nnA- Denote the set of all /c-forms on Z/G 
by Q k (Z/G). 

Remark 2.52. 

(1) (Q(Z/G), d) forms a complex, where tt°(Z/G) = C°°(Z/G) and Q(Z/G) := 0~ 

(2) In the definition of \x G Q k (Z/G), we can choose // to be G- invariant (just average 
over G). We will show later that in fact we can choose it to be basic on M. 

Definition 2.53. A differential form r) G Q(M) is Q-basic if it is G-invariant and i*r K \T) G 
Q(Z(k)) is horizontal. Hence i* K ji] is basic on Z^)- Following Sjamaar's notation in [29J, 
denote the set of all $-basic forms on M by f2$(M), and the kernel of the natural map 
n*(M) -»■ by I$(M); that is, 

J $ (M) := {77 G n(Mf | i^-jT/ = 0}. 

We thus have that 

n(Z/G) = Q 9 (M)/I 9 (M). (3) 

Lemma 2.54. Let rj G 0$(M). T/ien /or a// closed subgroups H < G such that Zrm is 
nonempty, (i\z {H) )*V is basic on Z(h)- 

Proof. See [29]. □ 

Remark 2.55. In his paper [25], Sjamaar proves a Poincare Lemma, a version of Stokes' 
Theorem and a de Rham theorem for the complex (Q(Z/G), d). 

We now come to the main theorem of the paper, which we now word in the language 
developed thus far. 

Let G be a compact connected Lie group acting in a Hamiltonian fashion on connected 
symplectic manifolds (M,u) and (M',u'), each with proper momentum maps $ and 
respectively. Let Z := ^(O) and Z' := S'-^O). 

Main Theorem. If F is a diffeomorphism from Z/G to Z'/G, then F induces an isomor- 
phism of de Rham complexes (Q(Z/G),d) and (Q(Z'/G),d). 

To prove this theorem, it will be enough to show that (Q(Z/G),d) depends only on the 
smooth structure C°°(Z/G). The rest of this paper, except for the last section, is dedicated 
to this goal. 



14 



3. Vector Fields 



As seen in the previous section, stratifications play an important role in the definition of 
differential forms on Z/G. The goal of this section is to replace strata with orbits of certain 
Lie algebras of vector fields. First, we will have to define vector fields on a subcartesian 
space and describe their properties. 

The Zariski Tangent Bundle. 

Definition 3.1. Given a point x £ S, a derivation of C°°(S) at a; is a linear map v : 
C°°(S) R that satisfies Leibniz' rule: for all f,g e C°°(S), 

v (fg) = f(x)v(g) + g(x)v(f). 

The set of all derivations of C°°(S) at x form a vector space, called the (Zariski) tangent 
space of x, and is denoted T X S. Define the (Zariski) tangent bundle TS to be the (disjoint) 
union 

TS : = |J T X S. 

xGS 

Denote the canonical projection TS — > S by r. 

TS is a subcartesian space with its differential structure generated by functions for and 
df where / £ C°°(S) and d is the differential operator df(v) := v(f). The projection r is 
smooth with respect to this differential structure. Given a chart <p : U — >• U C R n on S, 
(yjor, y^l^or) : T5 — >■ TM n = M 2n is a fibrewise linear chart on TS. See [12] for more details. 
We will denote this chart as (p* henceforth. 

Definition 3.2. Let R and S be subcartesian spaces, and let F : R — > S be a smooth map. 
Then there is an induced fibrewise linear smooth map F* : TR — > TS defined by 

(F*v)f = v(F*f) 

for all v £ TR and / £ C°°(S'). F* satisfies the following commutative diagramme. 

TR-^TS 

T T 

R y+ S 

F* is called the pushforward of F, and is sometimes denoted as dF or TF. 

Proposition 3.3. Let x £ S and let ip : U — > U CW 1 be a chart about x. Then, v £ T^^MJ 1 
is equal to ip^v for some v £ T X S if and only if v(n(ip(U))) = {0}. 

Proof. See |15] □ 

Definition 3.4. A (global) derivation of C°°(S) is a linear map X : C°°(S) that 
satisfies Leibniz' rule: for any f,g £ C°°(S'), 

X(fg) = fX(g) + gX{f). 

Denote the C°°(5')-module of all global derivations by DerC°°(S). 

Proposition 3.5. The set of derivations of C°°(S) is a Lie algebra under the commutator 
bracket, and can be identified with the smooth sections of r : TS — > S. 
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Proof. See [T5] . 



□ 



Proposition 3.6. Let x <E S, and let cp : U — V U (1 W 1 be a chart about x. Let X G 
DeiC°°(R n ). Then X satisfies 

<p.{X\u) = X\ 
for some derivation X G DerC°°(S) if and only if 

X(n(U)) C n(U). 

Moreover, for any X G DerC°°(S') ; there exist an open neighbourhood V C U of x and 
X G DerC°°(]R n ) satisfying (p+(X\y) = X\ v (y). We call X a local extension of X with 
respect to (p. 

Proof. See P]. □ 

Definition 3.7. Let R and S be subcartesian spaces, and let / be a surjective smooth map 
between them. Then / : R — > S is locally trivial if there exists a subcartesian space F satis- 
fying: for every x G 5 there exist an open neighbourhood U C 5 of x and a diffeomorphism 
^ : U x F such that the following diagramme commutes (pr x being the projection 

of the first component.) 



f-\U) ? ^xF 




Theorem 3.8. There exists an open dense subset U C S 1 swc/i i/iai r|[/ : TS 1 )^ U is locally 
trivial. 

Proof. See [15]. □ 

Remark 3.9. The fcth exterior product of fibres of TS* over S are also locally trivial over 
an open dense subset of S. 

Vector Fields on Subcartesian Spaces. 

Definition 3.10. Fix X G DerC°°(S) and x G S. A maximal integral curve exp(-X)(x) of 
X through x is a smooth map from a maximal connected subset CR containing to 5 
such that exp(0X)(a;) = x and such that the following diagramme commutes. 



x exp(-X)(x) 



X 



4 A - s 



In other words, for all / G C°°(S) and t G I. 



x 

x i 



j t (foex V (tX)(x)) = (X/)(exp(tX)(x)). 

We adopt the convention that the map c : {0} — >- yS : i — ?- c(0) is an integral curve of every 
global derivation of C°°(S). 
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Theorem 3.11 (ODE Theorem for Subcartesian Spaces - Sniatycki). Let S be a subcartesian 
space, and let X G ~DeiC°°{S). Then, for any x G S , there exists a unique maximal integral 
curve exp(-X)(x) through x. 

Proof. See |30] and §4 Theorem 1 of |31| . □ 

For each X G DerC 00 (S'), there is an induced smooth map RxSD A x — > S where each 
fibre A x fl(Kx {x}) is the domain I x of the maximal integral curve exp(-X)(x). 

Proposition 3.12. Let ip : U ->• U C R n be a chart on S, X G BeiC°°(S) and X G 
DerC°°(R n ) such that 

<p.(X\u) = X\ & . 
Then for all x G S and t G I x such that exp(tX)(x) G U , 

(p(exp(tX)(x)) = exp(tX)(cp(x)). 

Proof. Denote by J the open subset of I x such that for every t G J, exp(tX)(x) G U. Define 
7 : J -+ E/ cp(exp(tX)(x)). Then, 

f/ ( 7 (t)) = V ,(X\ X ) 



dt 



t=o 

=X\ 



I >p(x) ■ 

Applying the ODE theorem, ^(t) = exp(tX)((p(x)) . □ 

Definition 3.13. Let D be an open subset of Ix S containing {0} x S such that Dn(lx{a;}) 
is connected for each x G S. A map <ft '■ D — > S is a local flow if 0(0, x) = a; for each ig5 
and 0(t, 0(s, x)) = <f)(t + s, x) for all a; G S and s, t G R for which both sides are defined. 

Remark 3.14. If 5* is a smooth manifold, then every derivation X admits a local flow 
exp(-X)(-) sending (t, x) to exp(tX)(x). This is not the case with subcartesian spaces, 
which motivates the following definition. 

Definition 3.15. A vector field on 5* is a derivation X of C°°(S) such that exp(-X)(-) is a 
local flow. Denote the set of all vector fields on S by Vect(5). 

Remark 3.16. Given a vector field X on S, the domain A x of the local flow exp(-X)(-) is 
open. 

Proposition 3.17 (Sniatycki). Let S be a locally compact subcartesian space. A derivation 
X of C°°(S) is a vector field if and only if the domain of each of its maximal integral curves 
is open. 

Proof. See §4 Proposition 3 of |31| . □ 

Example 3.18. Consider the closed ray [0, oo) C R. The global derivation d x is not a 
vector field on [0, oo). At any point, the maximal integral curve associated to d x is not open. 
However, xd x is a vector field. The maximal integral curve at is constant, and hence has 
domain R. The maximal integral curves at all other points are also open. 

Definition 3.19. Consider the subcartesian space Z/G in Diagrammed A vector field 
X G Vect(Z/G) is called Hamiltonian if there exists h G C°°(Z/G) such that X = {h, -} z iq- 
We will usually denote X by Xh, and the set of all Hamiltonian vector fields by Ham(Z/G), 
similar to the case for manifolds. 
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Lemma 3.20. For any h G C co {Z/G), the derivation {h, -}z/g ^ s a Hamiltonian vector field. 

Proof. Lerman-Sjamaar prove the existence and uniqueness of maximal integral curves of 
these derivations, and that they preserve the connected components of the orbit-type strata 
(see [14]). Since these connected components are manifolds, the maximal integral curves 
have open domains. Hence, by Proposition 13.171 they are vector fields. □ 

Locally Complete Families of Vector Fields. We are interested in families of vector 
fields that yield a sufficiently "nice" partition of a subcartesian space. The condition needed 
to achieve this on these families is defined next. We then give examples. 

Definition 3.21 (Sniatycki [31]). A family of vector fields J 7 C Vect(S') is locally complete 
if for every X, Y G J 7 , every x G S and every t G I such that (exp(tX)*Y)\ x is well- 
defined, there exist an open neighbourhood U of x and a vector field Z G J 7 such that 
exp(tX) m Y\u = Z\ v . 

Example 3.22. Consider S = M 2 , and let J 7 = {d x , xd y }. This family is not locally complete, 
as one can check that exp(txd y )#d x = d x + td y is not contained in T for any t ^ 0. 

Proposition 3.23 (Sniatycki). Vect(S') is locally complete. 

Proof. See §4 Theorem 2 of |31| . □ 

Remark 3.24. The proof of the above proposition can be used to understand local com- 
pleteness in terms of local flows. In particular, consider 

^/(exp(tX)(exp( S r)(x)))=(exp(tX),(r| cxp(sy)(:l . ) ))/ 

= ((exp(tX),F)/)(exp(tX)(exp( S F)(x))). 

For fixed t, by Proposition 13. 23( there exists an open neighbourhood U of x on which the 
local flow of (exp(tX)*Y)\u is equal to s H- exp(tX)(exp(sY)(y)) for y £ U . 

Definition 3.25. Let S be a subcartesian space that is also a stratified space. If the strata 
obtain their smooth structures as differential subspaces of S, then we refer to S as a smooth 
stratified space. We say that the stratification on a smooth stratified space S is locally trivial 
if for every x G S there exist 

(1) an open neighbourhood U C S of x, 

(2) a smooth stratified space R with a distinguished point p G R such that {p} is a 
stratum of R, 

(3) and a stratified diffeomorphism (p : U — >■ (P D U) x R where P is the stratum of S 
containing x and for every y G (P fl U), (p(y) = {y,p)- 

Let X G Vect(S). If for each stratum P of S, X\p is a smooth vector field on P, then we 
call X stratified. 

Remark 3.26. Different terminology and definitions appear in the literature. For example, 
in [31], Sniatycki defines a smooth stratified space as a stratified topological space equipped 
with a special atlas of charts such that the strata obtain their smooth structures from the 
atlas. As a theorem, he proves that these are subcartesian spaces. Also, in the same article, 
a stratified vector field on a smooth stratified space S is not necessarily a smooth section, 
but a continuous section that is smooth on the strata. Instead, a strongly stratified vector 
field is an element of Vect(S') that restricts to a smooth section of each strata. 
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Example 3.27. In the setting of Diagrammed] the orbit-type stratifications on all four 
spaces are locally trivial. (See |14|.) 

Lemma 3.28 (Sniatycki). Let S be a smooth stratified space with locally trivial stratification. 
Then the set of all stratified vector fields in Vect(S') form a locally complete family. 

Proof. See §6 Lemma 11 of [31 J □ 

Returning to the situation in Diagramme [U we have the following propositions. 

Lemma 3.29. Vect(M) G is a locally complete Lie subalgebra ofVect(M). 

Proof. This proof is similar to the that of Lemma 13.571 

□ 

Definition 3.30. Identify g with the left-invariant (under left multiplication) vector fields 
on G. Let p : Q — > Vect(M) be the g-action induced by the G-action. Note that for all 
x G M, 

f*»)M = T x (G-x). 
Lemma 3.31. p(g) is a locally complete Lie subalgebra of Vect(M). 

Proof. This proof is similar to that of Lemma 13.591 □ 

Recall that for a compact Lie group G, its Lie algebra decomposes as a direct sum of the 
derived Lie subalgebra and the centre of g: 

= [0,0] ©3(fl)- 
Corollary 3.32. p([g,g]) and p(3(fl)) are locally complete. 

Proof. Since [g, g] and 3(g) are themselves Lie algebras, this corollary is immediate from the 
above lemma. □ 

Definition 3.33. Define A to be the smallest Lie subalgebra of Vect(M) containing Vect(M) G 
and p(q). 

Remark 3.34. Note that A, Vect(M) G and p(g) are not necessarily closed under multi- 
plication by functions in G°°(M), but they are closed under multiplication by G-invariant 
smooth functions. 

Lemma 3.35. A is locally complete, and it is a direct sum of Lie algebras: 

A = p([g,g])©Vect(M) G . 
Proof. Let f G g and X 6 Vect(M) G . Then, 

[£ M , X] = lim ex P(^)-( X lex P (-^M)w)-^l. = Q 

t ^0 j£ 

since exp(t^ M )*(X|e X p(-^ M )(x)) = X\ x by left-invariance. Thus, 

exp(t£ M ) o exp(sX) = exp(sX) o exp(t£ M ). (4) 
Now, let £ G g and assume for all g G G and x G M, we have 

9*{£m\x) — ^M\g-x] 
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(g • exp(t£ M )(x)) = — exp(i£ M )(s • x). 
t=o at t=o 



that is, £m is left-invariant. Then, 

d 
dt 

The uniqueness property of exp implies that 

g ■ exp(^ M )(z) = exp(t£ M )(9 • ar). 

Hence (gexp(££)) • x = (exp(t£)g) • x. Since this is true for all g G G, exp(t£) must be in the 
centre of G, and hence £ €3(0). Thus, 

p( )nVect(M) G = p( 3 ( )). 

Since p is a Lie algebra homomorphism, from Equation HJ p(g) = p([g, q]) © p($(o)), and we 
obtain the direct sum structure of A. 

To show local completeness, it suffices to show that for any ( G 5 and X G Vect(M) G , 
exp(t£jvf) ! „X G A and exp(£X)*£jvf G *4. The former is immediate since X is left-invariant. 
The latter follows from Equation HJ 

exp (tX ) (exp ( s£ M ) (>) ) 



exp(tXU£ 



M\x, 



s=0 



ds 
d 

ds 

=£,M\exp(tX)(x)- 



s=0 



exp (sf m) (exp (tX) (x) ) 



□ 



□ 



Lemma 3.36. Ha.m(Z/G) is a locally complete family in Vect(Z/G). 
Proof. See §7 Proposition 4 in [31J. 
The Orbital Tangent Bundle. 

Definition 3.37. Let J 7 be a family of vector fields on S. For x G S, denote by T^S the 
linear subspace of T X S spanned by all vectors v G T X S such that there exists a vector field 
X G J 7 with v = X\ x . If J 7 = Vect(S), then we will denote this space by T X S. We will call 
T^S the orbital tangent space of S at x with respect to J 7 . Let T^S be the (disjoint) union 



FS := |J ffS. 



x&S 

We will call T^S the orbital tangent bundle with respect to J 7 . It is a differential subspace 
of TS. Denote by fj? the restriction of r : TS — > S to T^S and by 5j?(x) the dimension 
dim(TfS). 

Remark 3.38. Since T^S is a differential subspace of TS, a chart if : U — > U C M n on S 
induces a chart (<p o fj-, y^l^of^) on T^S 1 , which we shall denote simply as <p*. This is just a 
restriction of the corresponding chart on TS. It makes the following diagramme commute. 



f T S\ x 



TW' 



u 
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This extends to (fibred) exterior powers of f^S in the natural way; i.e. to 

S x£S 

Lemma 3.39. The map 5 jr : S — )■ Z is lower semicontinuous. 

Proof. Define Si :— {x G S \ 5j:(x) > i}. The goal is to show that Si is open for each i. Let 
y G Si. Then there exist Y\, G J 7 , where k > i, such that {Yi|j,, Yfc| y } is a basis for 
T^S*. Linear independence is an open condition, and so there exists an open neighbourhood 
£7 of y such that {Yi| z , Yk\z} is linear independent for all z G £7. Hence, T^S contains 
the span of {Yi| 2 , • Yfc| 2 } as a linear subspace for each z G £7. Thus, 5j?(z) > k >i. Thus, 
£7 c Si. □ 

Proposition 3.40. There exists an open dense subset U C S such that fj?\u : T^S 1 ^ — >■ £7 
zs locally trivial. 

Proof. We will show that for any point x G S and any open set £7 containing x, there is a 
point z E U and an open neighbourhood V C £7 of z so that (V) = V x F for some 
vector space F. 

Fix x G S. Define Si as in the proof of Lemma 13.391 Define 

m := inf {sup{A; \ S k f)V^ 0}} 

V3X 

where V runs through all open neighbourhoods of x. There exists an open neighbourhood 
W of x such that sup z£W {5 j?(z)} = m. Now fix z G W such that Sjr(z) = m. Then, there are 
vector fields Y\, Y m G T such that {Yi| z , F m | z } spans 2j S*. Since linear independence 
is an open condition and m is maximal, there is an open neighbourhood V C W of z such 
that j,, Y m |,,} spans TyS for all y G V. Hence, T^S* is locally trivial over V. 

Now, let £7 be any open subset containing x. We claim that there exists some z G W D £7 
such that <5jr(;s:) = m. Assume otherwise. If sup zgW r n[ /(5j-(z)) > m, then this contradicts the 
definition of W . If sup 2gWn[/ {5jr(z)} < m, then this contradicts the definition of m. Now, 
choose an open neighbourhood V C H 7 fl £7 of z as above, and the result follows. □ 

Corollary 3.41. Let J 7 be a locally complete family of vector fields, and let £7 C S be an 

open dense subset on which T^S is locally trivial. Then, fjp{U) is open and dense in T^S. 

Proof. By continuity, 7>({7) is open. Let x G S \ £7, and let Yj, ...,Yj. G J 7 such that 
{Yili, Yk\x] forms a basis of T^S. Since linear independence is an open condition, there 
is an open neighbourhood V of x on which {Yi| y , Yf-\ y } is linear independent for all y G V, 

and their span is a subset of TyS. Hence, T^S C fy 1 (£7). □ 

Remark 3.42. The above corollary extends to exterior powers of the fibres of T^S; that is, 
there exists an open dense subset £7 C 5 on which /\ ~ T^S* 



—7- £7 is locally trivial. 

u 



Proposition 3.43. Let S be a locally compact subcartesian space. Then there exists an open 
dense subset £7 C S such that for each x G £7, 

Trfc S — — T X S 
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Proof. By Theorem 13.81 and Proposition I3.40[ there exists an open dense subset U C S on 
which TS and TS are locally trivial. Let x G [/, and let <£> : V — >• V C R n be a chart about 
a; where V C U and n = dim(T x S) (see |15|). Then the derivations d\, ...,d n on V arising 
from coordinates on R n give a local trivialisation of TV (again, see |15|). Let W\ and Wi 
be open neighbourhoods of x satisfying W\ C W2 C C V. Let 6 : S* — > R be a smooth 
bump function that is equal to 1 on W\ and outside of W%. Then bd\, ...,bd n extend to 
derivations on all of S, and we claim that they are vector fields. 

Now, for % = 1, n, shrinking V if necessary, there exist X\, ...,X n G DerC°°(R n ) satisfy- 
ing <p*(bdi) = Xi\y. Each Xi gives rise to a local flow exp(-JQ)(-), such that for each y G V, 
exp(-X i )(<f(y)) has an open domain. By Proposition 13. 1'2\ exp(-X i )(<f(y)) = <p(exp(tbdi)(y)) 
for all t G Iy 9i for which the integral curve lies in V . But since b is supported in V, the 

entire curve exp(-bdi)(y) is in V. Hence, exp{tXi)(ip(y)) G V for all t G Since Xi is a 

vector field on R n , I^L\ is open, and consequently so is l b y di . Thus, by Proposition 13. 17l bd; 
is a vector field on V, and since it has been extended as to the rest of S, it is a vector field 
on S. Finally, since (bdi)\w 1 = d i \w 1 for each i, we see that T y S = T y S for all y G W\. □ 

Orbits of Families of Vector Fields. 

Definition 3.44. Let J 7 be a family of vector fields. The orbit of J 7 through a point x, 
denoted 0^ or just O x if J 7 = Vect(S), is the set of all points y G S such that there exist 
vector fields X\, G J 7 and real numbers t\,...,tk G R satisfying 

y = exp(tiX{) o ... o exp(t k X k )(x). 

Denote by O t , or just O \i 7 = Vect(S), the set of all orbits {O^ \ x G S}. Note that O t 
induces a partition of S into connected differential subspaces. 

Given a family of vector fields J 7 on 5*, there exists a natural topology on the orbits 
that in general is finer than the subspace topology. We define this topology here using 
similar notation as found in |31| and [34J. Let Xi,...,X k G J 77 . Let £ := (Xi, X k ) and 
T = (ti, ...,ifc), and define £r(^) := exp(tfcXfc) o ... o exp(tiXi)(x). £t(^) is well-defined for 
all (T, sc) in an open neighbourhood U(£) of (0, x) G M fc x S. Define U x (£) to be the set of all 
T eR k such that £ T (x) is well-defined; that is, U x (£) = U(£) H (R k x {x}). Let i : ^ 5 
be the inclusion map. Fix y G i{0^) and let (p : V" — >• V C ]R n be a chart of 5 about We 
give W := i~ 1 (V R z(O^)) the finest topology such that for each £ and y G z(W) the map 

is continuous. This extends to a topology T on all of O^, which matches on overlaps (see 

mi 

Example 3.45. Let S = M 2 /Z 2 and let tt : R 2 — > S be the quotient map. Consider the 
one-element family {X} where X = ir*(di + v^^). Then for any x G S, exp(tX)(x) has 
domain R, and the orbit is dense in S. T in this case is such that 01 is diffeomorphic to 
R. This is strictly finer than the subspace topology on the orbit. 
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Theorem 3.46. Let S be a subcartesian space. Then for any locally complete family of vector 
fields J- ', Ojr induces a partition of S into orbits O x , each of which when equipped with the 
topology T described above has a smooth manifold structure. The inclusion i : O x ■=-)■ S is 
smooth, and z* : TO^ —> TS is a fibrewise linear isomorphism onto T F S\ ^- 

Proof. See §5 Theorem 3 of |31| . □ 

Example 3.47. In Example 13.221 the tangent space dim(T^^]R 2 ) = 1 for all y, whereas 
T^j^R 2 = T(a; !a )R 2 for 0. But there is only one orbit: all of R 2 . So the family of vector 
fields {d x ,xd y } does not satisfy the conclusion of Theorem 13.461 

Theorem 3.48. [Sniatycki] Orbits of any family of vector fields J 7 are contained within 
orbits ofVect(S). 

Proof. See §5 Theorem 4 of |31| . □ 

Theorem 3.49. Let S be a smooth stratified space whose stratification is locally trivial. Then 
the orbits on S induced by Vect(S') form a smooth stratification. 

Proof. See §6 Theorem 8 of |31| . □ 

Theorem 3.50 (Sniatycki). The strata of the orbit-type stratification on M/G are precisely 
the orbits in O induced by Vect(M/G). 

Proof. The proof can be found in [31 J . The idea is the following. By Theorem 12 . 1 61 the orbit- 
type stratification on M/G is minimal. The family of stratified vector fields of this strati- 
fication is locally complete by Lemma [3.281 and its orbits are the strata. By Theorem I3.48[ 
these strata lie in orbits of Vect(M/G). But, the set of orbits O induced by Vect(M/G) 
themselves form a stratification of M/G by Theorem 13.491 So by minimality, we must have 
that these two stratifications are equal. □ 

Lemma 3.51. Orbits ofHa,m(Z/G) are contained in orbit-type strata of Z/G. 

Proof. Lerman and Sjamaar showed in [13] that the maximal integral curves of any Hamil- 
tonian vector field on Z/G is confined to a symplectic stratum. The result follows. □ 

Lie Algebras of Vector Fields. Our goal for this subsection is to establish that for a lo- 
cally compact subcartesian space S, Vect(S') is a Lie algebra under the commutator bracket. 



For a subset A C S we shall denote by n(A) the set of functions {/ G C°°(S) | /|a = 0}. 

Proposition 3.52. Let S be a subcartesian space and J 7 a locally complete family of vector 
fields. Let i65 and v G T X S . Then, v G T^S if and only if for every open neighbourhood 
U C of i~ l {x), where i is the inclusion of into S, we have v(n(i(U))) = {0}. 

Proof. Let v G T^S. Then by Theorem 13.461 v = i*w for some w G TO x . For any open 
neighbourhood U of i~ 1 (x) and for any / G n(i(U)), 

vf = w(i*f) = 0. 

Conversely, let v G T X S and let ip : V — > V C M n be a chart about x. Then, (f(V R O x ) 
is a differential subspace of M. n , and in fact since ip o is smooth with d(tp o i\i-i(y)) 

one-to-one (by Theorem I3.46p . we have that ip o i\i-iry\ is an immersion. Hence by the rank 
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theorem there exists an open neighbourhood U C % 1 (V) of % 1 (x) such that U := f o i(U) 
is an embedded submanifold of R n . 

Now, v has a unique extension to a vector v = tp*v G T x IR n . Suppose vf = for all 
/ G n(z(LQ). Then for each such /, by Proposition 13.31 vf = for any local representative 
/ of /. But then, also by Proposition 13. 3[ we have that v is the unique local extension of 
a vector w G T^u^U since f\jj = 0. Since U is an embedded submanifold, there exists a 
unique w G T^-it x \U such that (<p o i)*w = w, which we identify with v. By Theorem 13.461 
and uniqueness, i*w = v. Thus, v G T^S. 

Since any open neighbourhood W of i (x) contains a smaller open neighbourhood U C 
z _1 (y)nVF in which (poi(U) is an embedded submanifold of R n , and also n(i(W)) C n(i([/)), 
we can apply the above argument, obtaining our result. □ 

Proposition 3.53. Let S be a locally compact subcartesian space. A derivation X G 
~DexC°°(S) is a vector field if and only if for every x G S, every open neighbourhood U 
of i~ l (x) and every f G n{i(U)), 

X(n(i(U))) C n(i(C0). 

Proof. Let X be a vector field. Then for any x G S and any open neighbourhood U of 
-X"|t(i7) is a vector field on i(U). By Proposition 13.521 for any / G n(i(Z7)), 

(Xf)\ m = 0. 

Conversely, let X be a derivation of C 00 (5') satisfying the property that for any open neigh- 
bourhood U of X(n(i(U))) C n(z(?7)) for all orbits with inclusion i : O x S. By 
Proposition I3.17[ it is enough to show that each maximal integral curve of X has an open 
domain. 

Assume otherwise: there exists a maximal integral curve exp(tX)(x) through a point x G S 
with a closed or half-closed domain I* . If X\ x = 0, then exp(tX)(x) is a constant map, and 
its maximal integral curve has M. as its domain, which is open. So assume X\ x ^ 0. Let 
a G I x be an endpoint of I* and let y := exp(aX)(x). Then for any open neighbourhood 
UQOy of i-\y), 

(Xf)\ l(u) = 

for all / G n(i(Z7)). In particular, X\ z f = for all / G n(i(/7)) and all z G i(?7). By 
Proposition X\ z G for all z G i(E/). Note that since X\ x ^ 0, we have that 
X\ y 7^ 0, and so there exists an open neighbourhood V C of y such that 7^ for all 
2 G 1/. 

Thus, since X\y is a smooth section of TV C TS*, by Theorem 13.461 we have constructed 
a vector field Y G Vect(V) such that Y\ z = X\ z . But note that by Proposition 13.121 these 
integral curves locally are restrictions of integral curves in M n , and so we can apply the ODE 
theorem, and obtain that since X\y = Y, we have exp(tX)(y) = exp(tY)(y) for t in some 
domain I y . But, shrinking V if necessary so that it is an embedded submanifold of S (which 
exists by the rank theorem), since Y is a vector field on the manifold V, I y is open and 
contains 0, whereas since exp(tX)(y) = exp((£ + a)(X))(x), by assumption I y has G I y as 
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an endpoint. This is a contradiction. Thus, I* does not contain any endpoints, and hence 
is open. □ 

Corollary 3.54. Let S be a locally compact subcartesian space. Then Vect(S') is a Lie 
subalgebra ofDerC°°(S) and is a C°°(S) -module. 

Proof. Let x G S, X,Y G Vect(S), U C O x any open neighbourhood of i~ l (x) and / G 
n(i(U)) and g G C°°(S). Applying Proposition EM we have (X+Y)(f) = X(f) + Y(f) = 0, 
gX(f ) = and [X, Y]{f) = X(Y f) - Y(Xf) = 0. Thus, X + Y, gX and [X, Y] are vector 
fields. □ 

Remark 3.55. By the above corollary, for any x G S and any v G T X S, there is a vector 
field X such that X\ x = v. In other words, we did not need to take the linear span in the 
definition of T X S. 

We again return to the situation in Diagramme [U We have shown that Vect(Z) is a Lie 
algebra. Denote by Vect(Z) G the Lie subalgebra of G-invariant vector fields on Z. 

Lemma 3.56. Let X G Vect(Z) G and let x G Z C M. Then there exist a G-invariant open 
neighbourhood U C M of x and X G Vect(M) G such that 

X\unz = X\ UnZ . 

Proof. There exist an open neighbourhood V C M of x and Xq G Vect(M) such that 
^olvnz — X\y n z- Let g = e G G and let gi be elements of G for i = l,...,k such that 
G-iCMis covered by open sets ■ V. Let {Q} be a partition of unity subordinate to this 
cover, and define 

k 

X := 2^ (i9i*Xo- 

i=0 

Then, letting W := \J i=0 gi ■ V, we have that for any y E W H Z 

k 

x \y = ^2d(y)gUx \ g -i. y ) 



i=0 
k 



/^C,i{y)9i*{ X \g-^y 



i=0 
k 

i=0 

= X\y. 

Thus, X G Vect(M) is a local extension of X on W fl Z. Averaging X (that is, let X\ y : = 
f G (g*X)\ y dg , which is a smooth G-invariant vector field) and letting U be a G-invariant open 
neighbourhood of G ■ x contained in W, we are done. □ 



Lemma 3.57. Vect(Z) G is a locally complete Lie subalgebra ofVect(Z). 
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Proof. Since diffeomorphisms commute with the commutator bracket, we have that Vect(Z) G 
is a Lie subalgebra of Vect(Z). For any two left-invariant vector fields X and Y, we have for 
all g G G and x £ Z 

g ■ exp(tX) (exp(sF) (x)) = exp(tX) (exp(sY) (g ■ x)) 

for s, t such that the composition of the curves is defined. Thus exp(tX)*Y is locally defined 
about G-orbits. Since Vect(Z) is locally complete, for any x G Z there exist a vector field 
H on Z and an open neighbourhood [/ of x such that exp(tX)*Y is defined on U and 
(exp(tX)*y)|[/ = Since exp(tX)*Y is left-invariant about x, we can choose [/ to be 

a G-invariant open neighbourhood. Let V C Z7 be a G-invariant open neighbourhood of x 
such that V G U. Let 6 : M — > M be a G-invariant smooth bump function with support in 
U and b\v = 1- Then, G Vect(Z) G extends (exp(tX)*Y)\y to a left-invariant vector field 
on Z. □ 

Definition 3.58. Let pz '■ Q — > DerG°°(Z) be the jj-action induced by the action of G on Z. 
Note that by Proposition 13. 17\ pz(s>) Q Vect(Z) (in fact, for any £ G Q, £z '■= Pz(Q is just 
the restriction of £m to Z). 

Lemma 3.59. pz(fl) ^ s a locally complete Lie subalgebra of Vect(Z) . 

Proof. Let £, ( G fl, and let £ z = and ( z = pz(C)- Then, exp(££z)*Cz = (Ad cxp (t ? )C)z- 

Thus pz{o) is locally complete, and since pz is a Lie algebra homomorphism, its image is a 
Lie algebra. □ 

Corollary 3.60. /0z([fl>fl]) an d Pz{${q)) are both locally complete Lie subalgebras ofVect(Z). 

Proof. This is immediate from the above lemma. □ 

Definition 3.61. Define Az to be the smallest Lie subalgebra of Vect(Z) that contains both 
pz(g) and Vect(Z) G . 

Lemma 3.62. Az is locally complete and is equal to the direct sum of Lie subalgebras 

A z = Pz([d,d])®Vect(Zf. 

Proof. By Lemma f3. 561 for any X G Vect(Z) G and for any x G Z, there exist a G-invariant 
open neighbourhood U CMofi and X G Vect(M) G such that 

X\unz = X\ Ur]Z . 

Hence, 

[£z, X]\ UriZ = {£,m, X]\ UnZ = 
by Lemma 13.351 Thus, applying Proposition I3.12l and Equation H]in the proof of Lemma 13.351 
we have that 

expit^z) ° exp(sX) = exp(sX) o exp(t^). (5) 
Now, let £ G Q and assume for all g G G and x G Z, we have 

g*{£z\x) = iz\g-x- 

Then, 

— (g ■ exp(t£ z )(x)) = — exp(t£ z )(g ■ x). 
at t=o at t=o 
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The uniqueness property of exp implies that 

9 ■ exp(t£ z )(x) = exp(t£ z )(g ■ x). 

Hence (gexp(t£)) ■ x = (exp(t£)g) ■ x. Since this is true for all g G G, exp(t£) must be in the 
centre of G, and hence £ € 3(0). Thus, 

pz(0)nVect(Z) G = p z ( 3 (g)). 

Since pz is a Lie algebra homomorphism, from Equation [5j pz(&) = Pz([fl,fl]) © Pz($(q)), 
and we obtain the direct sum structure of Az- 

To show local completeness, it suffices to show that for any ( 6 g and X G Vect(Z) G , 
exp(t!;z)*X G Az and exp(tX)^z G Az- The former is immediate since X is left-invariant. 
The latter follows from Equation |5j 

exp(£X%(fzU) =T" exp(tX)(exp(s£ z )(x)) 
as s=o 

_ d 
ds 

=Cz\exp(tX)(x)- 

□ 



exp(s£ z )(exp(tX)(a;)) 

s=0 



Lemma 3.63. Ham(Z/G) is a Lie subalgebra of Vect(Z/G). 

Proof. For any f,g,he C°°(Z/G) and a,beR, {af + bg, h} z/G = a{f, h} M/G + b{g, h} z / G , 
and so aXf + bX g = X a f +bg . Thus T-L{Z/G) is a real vector space. Next, the Jacobi identity 
for the Poisson bracket gives 

{{/, g}z/c, h}z/ G = -{9, {f, h} z /G}z/G + {/, {9, h}z/c}z/G- 
This translates to 

X {f,g}z/a h = X f X 9 h ~ X a X f h = t X /> X g\ h - 

□ 

Orbital Maps. Similar to how we wish to replace strata with orbits of Lie algebras of vector 
fields, we wish to replace stratified maps with maps sending orbits into orbits. 

In general, a smooth map between subcartesian spaces does not lift to a map between 
corresponding orbital tangent bundles. This is illustrated in the following example. 

Example 3.64. Let S = {(x,y) G M 2 | xy = 0}, and let 7 : R -»■ S be a curve passing 
through (0, 0) G S at time t = such that 



d 

u := — 
dt 



Then u T^ ^S since T(q 7 o)S = {0}, but 



7 (t) ^ 0. 

i=0 

G f R. 



To remedy this lack of the functoriality of f, we introduce a special kind of smooth map. 
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Definition 3.65. Let R and S be subcartesian spaces and let F : R — > S be a smooth map 
between them. Let J 7 and Q be smooth families of vector fields on R and S, respectively. F 
is orbital with respect to T and Q if for any x <E R, F{O x ) C OjL,.)- That is, for any X E T 
and x E R, there exist Yi, G e > and ei,...,e& > such that for all t E (— e, e) 

there exist £j G (— Cj, e*) (z = 1, k) satisfying, 

F{exp{tX){x)) = eMhYi) o ... o exp{t k Y k ){F{x)). (6) 

If T = Vect(R) and Q = Vect(S'), then we simply call F orbital. 

Remark 3.66. Note that all charts and smooth functions on S are orbital, as are all diffeo- 
morphisms between subcartesian spaces. 

Proposition 3.67. Let R and S be subcartesian spaces, and let F be an orbital map between 
them with respect to families of vector fields T on R and Q on S '. Then the restriction of 
the pushforward F* to T^R has image in T g S . 

Proof. Using the notation from the above definition, differentiating Equation [H] with respect 
to t and setting t — gives us 

F*(X\ X ) = Y\f(x)- 

□ 

The following theorem is a result of Schwarz; see [25J and [26J ([26J Chapter 1 Theorem 
4.3 for full details). Let D be the Lie subgroup of Diff(M) G consisting of G-equivariant 
diffeomorphisms of M that act trivially on C°°(M) G (that is, they send each G-orbit to 
itself), and let denote the Lie algebra of D. 

Theorem 3.68 (Schwarz). The following is a split short exact sequence. 

^ -Vect(M) G ^- Vect(M/G) -0 (7) 

Remark 3.69. Actually, Schwarz showed that 7r* mapped Vect(M) G onto stratified vector 
fields of M/G with its orbit-type stratification. But by Theorem 13.501 this family of vector 
fields is exactly Vect(M/G). 

Remark 3.70. Since diffeomorphisms in D send G-orbits to themselves, we have that T°M 
is contained in T P ^M. 

Corollary 3.71. The image of 7r* restricted to T A M is f(M/G). 

Proof. 7T* will map any vector in fp^M to 0, and so it is enough to consider vectors in 
T V M (where we set V := Vect(M) G for brevity). Let x G M and v G T^ M. Then, there 
exists a left-invariant vector field X G V such that X\ x = v. By Theorem 13.681 there exists 
Y G Vect(M/G) such that Y\ n{x) =ir^X\ x ). 

Now, let w G Tir< x )(M/G). There exists a vector field Y G Vect(M/G) such that = 
w. Again by Theorem 13.681 there is a vector field X G V such that tt^X = Y, and so 
7T*(XU =w. □ 

Corollary 3.72. it is orbital with respect to A and Vect(M/G). 
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Proof. Since 7r* will map any vector field in p(g) to the zero vector field on M/G, and local 
flows of Vect(M) G and p(g) commute, it is enough to check that it is orbital with respect to 
Vect(M) G and Vect(M/G). Let X G Vect(M) G . Then by Theorem ESS tnere is a vector 
field V G Vect (M/G) such that tt*X = F. Fix ar G M. Then 

-^7r(exp(tX)(x)) = 7r*(Xy = Y\^ x) = ^exp(tY)(n(x)). 

By the ODE theorem, we have that 

n(exp(tX)(x)) = exp(tY)(n(x)) 

for all t where it is defined. Hence orbits in Ojs, are mapped via tc to orbits of Mj G induced 
by Vect (M/G). ' ~ □ 

Corollary 3.73. A local flow of M/G lifts to a G-equivariant local flow of M. 

Proof. Fix a vector field Y G Vect (M/G). By Theorem 13.681 there is a vector field X G 
Vect(M) G such that tt*X = Y. From the ODE theorem we have that 

vr(exp(tX)(x)) = exp(tV)(vr(x)) 

for all x G M and t G l£ . □ 

Lemma 3.74. Ojs, induces the orbit-type stratification of M with respect to G. 

Proof. Fix x G M, and let H < G be a closed subgroup of G such that x G Mm). Now let 
y G O^. Then, there exist vector fields Xi, X& G ^4 and ti, t& G R such that 

y = exp(tiXi) o ... o exp(t k X k )(x). 

But then, by Corollary 13. 721 and Theorem 13.681 there exist Y±, Y k G Vect (M/G) such that 

ir(y) = exp(tiYi) o ... o exp(t k Y k )(-K(x)). 

Hence, tt(x) and ir(y) are in the same orbit O^m. But this is a stratum of the orbit-type 
stratification of M/G by Theorem 13.501 an d so y G Mi H \. Thus O^ 1 C Mi H y 

Now, let z be a point in the same connected component of M<h) as ^- Then again 
by Theorem 13.501 ^(y) an d tt(x) are in the same orbit O^u)-, and hence there exist vec- 
tor fields Yi,...,Y k and t±,...,t k G R such that ir(y) = exp(tiXi) o ... o exp(tfcXfc)(7r(a;)). 
By Corollary 13.731 there are vector fields Xi,...,Xfc G A such that y = exp(tiXi) o ... o 
exp(t k X k )(x). □ 

Lemma 3.75. i is orbital with respect to Az and A. 

Proof. Let X G Az and fix z G Z C M. Then by Lemma f3.56l there exist a G-invariant 
open neighbourhood U CMofz and X G *4 such that X\unz = U D Z. Applying the ODE 
theorem, we are done. □ 

Corollary 3.76. /\ k z f Az Z is a differential subspace of /\ M f A M for each k. 

Proof. This is immediate from Lemma 13.751 and Proposition 13.671 □ 

Lemma 3.77. tcz is orbital with respect to Az andVect(Z/G). 
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Proof. By Lemma f3.62[ it is enough to show this separately for pz(d) and Vect(Z) G . For the 
first subalgebra, 

n(exp(t£z)(z)) = ir(z) = exp(0)(7r(z)) 
for all z G Z and t for which the integral curve is defined. 

Now fix X G Vect(Z) G . Using Lemma [3.561 cover Z/G with a locally finite open cover 
{V^jagA such that for every a G A, there exist X a G Vect(M) G satisfying i*{X\ n -i^ Va ^) = 

^ a \ir~ 1 (j(v a ))- Note that for any a G A, x G V a , z G -k^ 1 {x) and / G n(j(Z/G)), 

(n*X a )\ j{x )f =X a \ i{z) iT*f 

=X\ z i*TT*f 
=X\z<j*f 

=0. 

Let {CojaeA be a partition of unity subordinate to {V a }, and for each a G A, let £ a be an 
extension of ( a to M/G. Define 

^ := ^2(a(n*X a )\ j{Z/G) . 

a 

From the above, we have that Y G DerC°°(j(Z/G)), and so in particular, Y pullsback to a 
global derivation Y G DerC°°(S'). Also, for any 

Q: 

a 

= ^|tt z ( 2 )- 

Thus, nz*{X\ z ) = Y\ nz ( z y Finally, we need to show that Y is a vector field, and we shall 
do so by appealing to Proposition 13.171 Fix z E Z, and define 7(t) := 7Tz{exp{tX)(z)). 
Differentiating, we see that 7 is an integral curve of Y through ttz(z). But 7 has an open 
domain and ttz is surjective, and so 7 is maximal. Thus Y is a vector field. □ 

Lemma 3.78. j is orbital with respect to Ham(Z/G) and Vect(M/G). 

Proof. By Lemma f3.51l orbits of Ham(Z/G) are contained in the orbit-type strata of Z/G, 
which in turn are contained in the orbit-type strata of M/G. By Theorem 13. 50 [ connected 
components of the orbit-type strata of M/G are the orbits induced by Vect(M/G). □ 

Summary Thus Far. Our setting can now be described as follows. We have the following 
commutative diagramme in the category of subcartesian spaces where % is orbital with respect 
to Az and A, it is orbital with respect to A and Vect(M/G), iiz is orbital with respect to 
Az and Vect(Z/G), and finally j is orbital with respect to Ham(Z/G) and Vect(M/G). 
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4. Differential Forms 



Orbital Differential Forms. Fix a locally complete Lie subalgebra a of Vect(S'). 

Definition 4.1. An a-orbital (differential) k-form fi on S is a smooth fibrewise-linear func- 
tion from /\ k s f a S = [J xeS /\ k f«S to R. Denote the set of all such fc-forms by Cl k a {S). The 
wedge product works as it does in the theory of smooth manifolds, and so we have the 
corresponding graded exterior algebra Q a (S) := ®ZoK( S ) with &°a( s ) = C°°(S). C°°(S) 
acts linearly on Cl a (S) in the obvious way. For \i G Cl^(S) and vi,...,Vk G T£S, we write 
H(v u v k ) for {i(vi A ... A v k ). 

Note that we can evaluate an a-orbital differential form on vector fields in a as well: if 
Xi, ...,X k G a and \i G £l*(S), then for any x G S, 

fi{Xi, ...,X k )(x) := ...,X k \ x ). 

This is a smooth function on S, as it is a composition of smooth functions. 

Definition 4.2. Let R and S be subcartesian spaces and let a and b be locally complete Lie 
subalgebras of Vect(-R) and Vect(S), respectively. Let F : R — > S be an orbital map with 
respect to a and b. If fj, G ^(S), then F*/i G ^q(-R) is defined by 

F*fx(v!, Dfc) = y>(F*vi, ...,F*v k ). 

Orbital A;-forms are smooth functions on f\ k s T a S, and so they have local representatives 
on Euclidean space. We will show that these representatives can be chosen to be differential 
forms. For an orbital /c-form \x and a subset U C S, denote by fi\u the restriction /j,\^k fas\u m 
Let / G C°°(S), and let v G f a S. Define := v(f). The d/| f „ s is an a-orbital 1-form. 

Lemma 4.3. Let a be a locally complete Lie subalgebra ofVect(S). Let fi G Cl^(S). Then 
for each x G S, there exist a chart ip : V — ?■ V C ]R n a&ont x and fi G f2 fc (R n ) such that 
H\v = (p*p.. 

Proof. Recall that for any chart (p : V — > V C ]R n on S, ip* will be a chart on /\ k s f a S that 
sends fibres over V linearly into fibres of /\ Rn TIR n . Thus, for any v G /\ s T a S, there is a 
chart (p : V — >■ V C R™ about f a (f ) and a smooth function / : TIR n — > R such that 
= y?*/ (as functions). Thus we only need to show that we can choose / to be a A;-form 
on R". 

For brevity, let E := f\ s T a S. Fix a fibre E x in £. Since is a linear space, the vertical 
tangent space of E x at 0, denoted T(E x )\q, is linearly isomorphic to E x in a canonical way. 
Define « : E — >■ TE : t> i— >■ -0 sending t> G -E 1 ^^ to the corresponding vector in T(E fo ( 1 ,))| . 
Fix a chart </? : V — > V C R™ and a smooth function f : E —> M. such that /i|y = </?*/. 
Let E y denote f-^V), E := Ar^ TRn and define i : E -> TE similarly to %. Also, denote 
by TE v \o and TE| the restrictions of the (Zariski) tangent bundles of E v and E to their 
zero sections, respectively. Note that for any x G V, <p* : E x — > E^ x ) lifts to a linear map 

<p* : TE X \ — >■ TE^^Io such that the following diagramme commutes. 
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TE 



v o 



TE\ 



E 



(d V ertf)\o 



V >■ E n 

Here d vert denotes the differential in the vertical direction; that is, along the fibre. So, 
since p is a fibrewise linear map, we have p(v) = (d vert p)\o{v). But since p\y — f o by 
the chain rule we have 

(d V ert A*) |o = (d V ert)f\o ° ¥*■ 

Combining these two facts, we have for any v G Ey, 

p\v{v) = (d vert p)\ (v) 

=(d vert f)\o(fi*(v)) 
= (d vert f)\ (i(p*(v))). 

Since [d vert f)\o o i is a fibrewise linear map on E whose pullback via (p* is equal to p\y, we 
set p = {d vert f)\o o i and we are done. □ 

Remark 4.4. A more general result involving tensor fields on "vector pseudo-bundles" was 
proved by Marshall in [17J, and the above proof is based on this. 

Remark 4.5. If a and b are locally complete Lie subalgebras of Vect(S') such that a C b, 
then we obtain a restriction map r : Cl^(S) — > Cl a (S). The construction of ft in the proof 
above is independent of o, and hence also represents a "local extension" of /i in Cl^(S). To 
show that this works globally, we need the following lemma. 

Lemma 4.6. Let ip : V — > V C R m and ip : V — > W C M n be two charts on S. For 
G (yS) , the map ip o takes a local representative jl^ G f2 fc (KL n ) of fi with respect to ip 
to a local representative ft v G fi fc (IR m ) of fi with respect to (p. 

Proof. By Lemma [2.291 there is a smooth map ( : M m — > M. n such that (\ v = ip o p^ 1 . So, 

Define /2 V := C*/i^ G fi fc (M m ). □ 

Thus, in the notation of Remark 14. 5[ for any \x G a, about any point we can find a local 
representative jx which is a form on M n . Using a partition of unity, we can put the pullbacks 
of these local representatives together to form a global form p! G b whose restriction to 
vectors in T a S is p,. Note, however, that in general this extension is not unique, unless we 
impose a condition on o. 

Proposition 4.7. Let a and b be locally complete Lie subalgebras ofVect(S) such that a C b 
and such that there is an open dense orbit in O a . Then, p G Cl^(S) extends uniquely to 
p! G Cl^(S), and r : Clb(S) — > Cl a (S) is an isomorphism of exterior algebras. 
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Proof. By the above discussion, there exists an extension // G fik(iS') of fi. Since a C b, by 
definition of an orbit, we have that an open dense orbit U G O a is contained in an open dense 
orbit contained in CV For any x G U, T°S = T b S, and so // = /i on U. Note that T b S is 
locally trivial over U, and applying Corollary I3.41[ we have that f" b _1 (f/) = f^iU) is open 
and dense in T b S. By continuity, is uniquely determined by its restriction to U. Since 
this restriction is equal to fi on U, we have that fi uniquely determines //. This extension 
commutes with the restriction of // to T a S, and so we have an isomorphism between Ci%(S) 
and £%(S). □ 

Henceforth when we refer to a local representative of a fc-form on S 1 with respect to some 
chart : U — > U C M n , we shall mean a fc-form on R n . 

The Exterior Derivative. 

Definition 4.8. Let 5 be a subcartesian space and a C Vect(5') a locally complete Lie 
subalgebra. The exterior derivative on ^(S 1 ) is the map d : Cl^(S) — >■ f2^ +1 (S') such that 
for any x G 5, and any chart ip : £7 — >■ U C ]R n about x, and any // G finOS) with local 
representative /t with respect to </?, 

c?/x = ip*djl. 

Lemma 4.9. T/ie exterior derivative is well-defined; that is, it is independent of the chart 
and local representative chosen. 

Proof. Using the same notation as above, let p! be another local representative of \i with 
respect to ip. Let vi,...,v k +i G T£S, and let Xi, X k +i G a such that Xi\ x = Vi for each 
2 = 1, k + 1. Let Xj be a local extension of Xi with respect to </?. Then, 

=c/(/2 - -,X k+1 )((p(x)) 

k+l 

= - /}')(*!, X<, X k+l ))(<p(x)) 

1=1 

+ ]T - P)([Xi, Xj], -X, -Xi -> X k+1 )(<p(x)) 

l<i<j<k+l 
k+l 

=Y,(-^y +1 x t (( V *(^ - ^(x^, ...,xj x , ...,x k+1 \ x )) 

i=i 

l<i<j<k+l 

Since (p*(p, — jl') vanishes on T a S, the terms in the first sum vanish by Proposition 13.61 hence 
each term is 0. Since a is closed under the Lie bracket and — /2') vanishes on T a S, the 
second sum also is 0. 

If ij) : U — > V C ]R m is another chart, then by Lemma T2.29I there exists a smooth map 
£ : M. m — > IR n such that (\jy = <p ip" 1 - Thus, C*jl is a local representative of \i with respect 
to ^, and ip*d{C,*p) = <p*dp,. □ 
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Corollary 4.10. The (unique) extension map in Proposition ^ . 7| commutes with d. 

Proof. This is a direct consequence of the lemma above and the definition of the exterior 
derivative on orbital differential forms. □ 

Proposition 4.11. 

d 2 = 

Proof. It is sufficient to prove this locally. Let p : U ->• U C W n be a chart. Let /i G 
and let jx G f2 fe (IR n ) be a local representative of \x with respect to (p. Then, 

(<i 2 yu)|[/ = d(p>*djl) = p*d 2 jl = 0. 

□ 

Lemma 4.12. Let R and S be subcartesian spaces with locally complete Lie subalgebras a 
and b ofVect(R) and Vect(S') respectively. Let F : R — >■ S be an orbital map with respect to 
a and b. Fix x G R, let ijj : V ->■ V C E n be a chart about F(x) and (p : U ^ U C W m be 
a chart about x such that U C F~ l (V). Let F e C°°(R m ,M n ) such that F\ v =j)~ 1 o F op. 
Fix n G ^*(5 r ) and Zet ft be a local representative of fi with respect to ip. Then F*fi is a local 
representative of F*fi with respect to ip. 

Proof. 

(F*»)\ u = (F*rti\u = (<P*F*ji)\u. 

□ 



Corollary 4.13. Using the same setting as Lemma \4-.12 , 

d(F*fj) = F*dfj,. 
Proof. It is enough to check the equality locally. 

(dF*ti\ u =<p*(dF*(i) 
=p\F*dfi) 
=F*ij*dfi 
=F*((d»)\ v ). 

□ 

Differential Forms on M and M/G. We return once more to Diagrammed The goal of 
this subsection is to prove the following theorem. 

Theorem 4.14. n* : (Cl(M/G),d) — > (Qbasic{M) , d) is an isomorphism of complexes. 

Remark 4.15. Since the complex of basic forms is isomorphic to (Cl(M/ G),d), it is a smooth 
invariant of M/G. 

Note by Corollary 13.721 that tt* sends forms in Cl k (M/G) to forms in Cl^(M), and so we 
need to make sense of the map in the statement of Theorem 14.141 The following proposition 
does exactly this. 

Proposition 4.16. (Cl^(M),d) is isomorphic to (Q(M),d) as a complex. 
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Proof. By Lemma I3.74[ Oj, has an open dense orbit Mon for some closed subgroup K < G. 
By Proposition O and Corollary H3DI we have that (0^(M),d) = (fi(M),d). Since M is a 
manifold, we have that (Cl(M),d) = (Q(M),d), and this proves the proposition. □ 

Next we show that the image of tt* on Cl k (M/G) is contained in basic forms. 

Lemma 4.17. For each ji G Cl k (M/G), 7i*fi extends uniquely to a basic form on M. 

Proof. Fix y. G tt k (M/G). Then since (& A (M),d) = (Q(M),d), we know that there is a 
unique extension Ji G fl k (M) of 7r*/i such that /z| a* f A M = 7r *A t - We wan t to show that jl is 
basic. 

Let us begin by showing that fx is horizontal on f~,\(M^)), which is open and dense in 

fp(s)M by Corollary EH Fix x G M {K) , and let v 1} ...,v k G T X M = f^M. If ^ G f x p(9) M 
for some / = 1, k, then 

since 7r*t>; = 0. By continuity, jl is horizontal on all of M. To check G-invariance, again let 
x G M(x) and Vi, ...,Vk G T X .M = 7; 4 .\/. Then, for any g E G, 

=n((n o 5f)*Vi, (7r o g)*^) 

=/i(7T^i, ...,71"*%) 

=#(i>i, ...,Vfc). 

Now we will extend this result to all of M. Let x G M and ui, ...,v k G T X M. Then since 
f7 (M(m) is open and dense in T A M, there exists a sequence {xj} C M(jn that converges 
to x and sequences of vectors {vf} C T Xj .M = f^M that converge to v\ for each z. By 
continuity, we have 

g*jl(v u ...,v k ) =\img*fj,(v{, ...,v{) 
= ]xmp,(y[, ...,v{) 
=/2(«i, ...,«*,). 

Thus, /i is basic. This establishes that tt* : Cl k (M/G) — >■ fi^ asic (M) is a well-defined map of 
R- algebras for each fc. □ 

Lemma 4.18. tt* : (l k (M/G) -»■ fif asic (M) zs injective. 

Proof. Let /i G fi fe (M/G) such that 7r*0) = 0. Then for any v u ...,v k G f*M, 

H(ir*vi, ...,7r*u fe ) = 0. 

By Corollary 13.711 7T* is surjective onto T(M/G), and so fi = 0. Hence 7r* is injective. □ 

Definition 4.19. Let VL k (M) G be the space of G-invariant fc-forms on M. We say that 
jl G tt k (M) G is frasz'c at x if for any v G T£ (fl) M, «j/2 = 0. 
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Lemma 4.20. For any k > 0, the following short exact sequence is split: 



tt k (M/G) tt k (M) G tt k (M) G /7r*(tt k (M/G)) 0. 

In particular, there is an M.-algebra homomorphism i : Q k (M) G — » Cl k (M/G) such that 
i o 7r* is the identity map on fl k (M/G). Moreover, if p, e Vl k (M) G is basic atxeM, then 

L \P)\f£-M = AMt^m- 

Proof. It is enough to show that this holds locally. We return to the setting of Diagramme [2] 
in the proof of Theorem 12.301 Note that if o is a G-invariant polynomial on R , then both 
got and da are G- invariant polynomials on TR , where r : TM N — >• R is the usual 
projection. Recalling that {pi, ...,Pk} is a generating set for Rfa; 1 , a^] 6 *, we can apply the 
result of Schwarz [21] again: there exists I > 2k and G-invariant polynomials o~\, o\-2k on 
TM N = R 2JV such that {pi o r, ...,Ph ° t, dpi, cip/c, o"i, o~i-2k} generates the G-invariant 
polynomials on TR^, and the map Pt : TR W -»■ R' defined by 

Pt = (Pi o t, ...,p fc o r,dpi, ...,dp k ,a x , ...,«7i_ 2 fc) 

descends to a smooth embedding (TU)/G R z . Set 2; : R^ — > TR W to be the zero section. 
Note that for any j = 1, — 2k, we have that z*<Jj is a G-invariant polynomial on M N , 
and so there exists a polynomial or,- : R fe — )■ R such that z*o,j = Oj(pi, ...,Pk) for each 
j = 1, / — 2Jfe. Define I : R fe -> R' by 

5(x 1 ,...,x fc ) = (x 1 , ...,x fc ,0, ...,0,ai, ...,5-/_2A;). 

Then z op = p T o z. 

Next, G?z : TR^ — > vert|o is a linear isomorphism, where vert|o is an abbreviation for the 
vertical tangent bundle of T¥L N restricted to the image of the zero section. Also, the image 
of dpx\o '■= dpx\ z mN) is contained in TM. l \ s mk\. Now that we are done with the setting, we 
will prove the theorem for k = 1. The higher exterior powers are proved similarly, replacing 
tangent bundles with fibred exterior powers of the tangent bundles. Fix fi G Q l (M) G . 
Then, this is a smooth G-invariant function on T~R N , and by Schwarz there exists a smooth 
function rj on R ; such that rj o p T = fx. We can summarise everything above in the following 
commutative diagramme. 




Now, since jx is linear on the fibres of TR , it is equal to d ver tfi\o o dz where d ver t is the 
derivative in the vertical (fibre) direction. But d vert (fl)\o = dv\z(M h ) dvertPrlo- Note that 
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d ve rtPT\o ° dz = dpr\z(M. N ) ° dz. Since px ° z = z o p, we thus have 

A = dT]\ mk) odzodp. (8) 

Now, if p is the inclusion of R / G into M fc as in Diagramme then restricts to an inclusion 
of f(M/G)\ u/G into TM fc . We have that rfr/| 5(Kfc) o d5 o dp is a 1-form in Q}(M/G)\ U/G . By 
Lemma 14. 17} this form lifts to a basic form y! on [/. Equation [S] implies that if /i is basic at 
x G U, then 

AIt^m = (7r|c/)*(^b(R*) °dzo dp)\ f A M . 
In particular, if jl is basic on Z7 to begin with, then y! v = □ 

Proof of Theorem \4-14\ We show the surjectivity of tt*. Let jl be a basic fc-form on M. As 
constructed in the proof of Lemma f4.20[ there is a fc-form /i G Q k (M/G) whose pullback via 
tt is basic, and by Equation [HI is equal to jl. 

Together with Lemma f4.18[ we have that tt* is an isomorphism of exterior algebras. By 
Corollary I4.13[ since tt is orbital with respect to A and Vect(M/G), it is in fact an isomor- 
phism of complexes. □ 

Differential Forms on Z and Z/G. 

Definition 4.21. Define Cl^ asic (Z) to be the linear subspace of Cl^ z (Z) consisting of basic 
forms; that is, forms that are G-invariant and horizontal forms (the latter meaning v j \i = 
for all v G fpz^Z). 

Lemma 4.22. Fix \i G (l k A [Z). Then \i G (l\ asic (Z) if and only if there exists rj G Vtl asic {M) 
such that i*r] = fi. 

Proof. Assume that there exists r\ G Q^ asic (M) such that i*r] = //. Then, for any g G G, we 
have 

9*1* =9*i*V 
=i g 7} 

=i*r] = ft. 

If z G Z and ui, G T^ Z Z and for some Z = 1, we have vi G f Pz ^Z, then 

ffc) = ^(z*^i, ...,i*v k ) = 
since z*u; G T0?M = T.^ Z )(G ■ i(z)). Thus, /i is basic. 

Conversely, fix fi G ^LicC- 2 ") and z E Z C M. Let : V ->■ V" C lR n be a chart on M 
about 2. By Lemma [4. 31 we can choose this chart such that there exists fj G fi fe (lR n ) with the 
property that 

(<p\vnz)*V = nlvnz- 

After shrinking V and multiplying ip*rj by an appropriate bump function, we extend ip*fj to 
a form rji acting on all vectors in T A M. 
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Let go — e G G and let g>j G G for i = 1 , . . . , k such that the orbit G ■ z is covered by open 
sets gi ■ V. Let {Q} be a partition of unity subordinate to this cover of G ■ z, and define 

k 
i=0 

Let U' = ULofl'i " V - For an y xeU'HZ, and u l9 w fc G T^*Z 

Hence there is a G-invariant neighbourhood U C M of G ■ z such that r^lc/nz = ^\unz- 
Averaging and applying Proposition I4.16( we may assume that ^ 2 is a G-invariant form on 
M. 

Next we apply Lemma [4.201 and Theorem 14.141 to obtain a form \ £ Cl k (M/G) such that 
i ( ? 72) = X- Now, 7r*x is a basic /c-form on M. Also, since rj 2 is basic at all x G C/' D Z, then 
tt*x = f]2 on £/' n Z. Thus, i*ir*x\u'nz = fJ>\u'nz- 

Now, cover Z C M with a locally finite open cover of G-invariant open sets {C/ a } where 
for each a, there exists a basic /c-form x a satisfying {i*Xa)\u a nz = fi\u a nz- Add to this cover 
the G-invariant open set U ao := M \ Z , and so we now have an open covering of M. Define 
Va := 0- Let {Ca} be a G-invariant partition of unity subordinate to {U a }. Define 

V ■= /^CaXa- 

a 

Then rj is basic, and (i*T))\z — A*- D 
Corollary 4.23. (f2& as ic(Z), d) forms a subcomplex of (Clj, z (z),d). 

Proof. Fix /i G f2^ asic (Z). By Lemma f4.22[ there exists 77 G fi£ asic (M) satisfying /x = i*r] = 
i*(v\/\ h t a m)- G QjfJ~(Z), but we require this form to be basic. However, since by 
Lemma 13.751 i is orbital with respect to Az and A, we have 

dfi = di*r] = i*dt] 

by Corollary 14.131 But by Theorem I2.34[ drj G ^tasld^)- Appealing once more to Lemma I4.22[ 
we are done. □ 

Theorem 4.24. The image of 

7r* z :(n(z/G),d)^(n Az (z),d) 

is contained in {&basic{Z) , d) . 

Proof. Fix /i G Cl k (Z/G) and Vi,...,Vk G Tf z Z for a fixed z G Z. By Lemma f3. 771 n%fi is 
well-defined. Let g G G. Then 

g*ir* z (j,(vi, ...,v k ) = yL{ir z *vu -^z*v k ) = 7r^(«i, ...,v fc ). 

If G fz Z ^Z for some j = 1, then 7Tz*Vj = 0, and 7r z fi(vx, Vk) vanishes. Thus 
7r^/i is basic. By Corollary 14. 13} the exterior derivative commutes with ir z , and so we are 
done. □ 
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Lemma 4.25. Any form fi G ^Ham(z/G)(^/^) e ^tends uniquely to a form in fl k (Z/G), and 
this extension induces an isomorphism of complexes ((i-H.aia(z/G)(Z/G),d) = (Cl(Z/G),d). 

Proof. By Proposition 14.71 and Corollary 14. 10} it is enough to show that H&m(Z/G) induces 
an open dense orbit. Since (Z/G)(k) is open, connected and dense for some K < G, it is 
enough to show that for any x and y in (Z/G)ik)i there exist fi,---,fk £ C°°(Z/G) and 
ti,...,tk G R satisfying 

y = expfaXfJ o ... o exp(t k X fh )(x). (9) 

Since ((Z /G)(k), ^(K)) is a symplectic manifold, and Hamiltonian vector fields of Z/G restrict 
to Hamiltonian vector fields on (Z/G)(k), it is enough to show that (Z/G)(k) G C*Ham(z/G)- It 
is easy to construct compactly supported Hamiltonian vector fields in a fixed Darboux chart 
whose local flows induce an orbit equal to the chart. Hence, covering (Z/G)(k) with Darboux 
charts, we get that (Z/G)(k) is the (unique) orbit of compactly supported Hamiltonian vector 
fields on (Z/G)(k). Note that these compactly supported Hamiltonian vector fields extend 
to all of Z/G, and so (Z/G)(k) is an orbit of Ham(Z/G). □ 



Proof of the Main Theorem. Let K be a subgroup of G such that Zck) is open and dense 
in Z. 

Lemma 4.26. For any a G Vt k (Z /G), there exists a G il k asic (M) such that i*t K \& = nl K \&- 

Proof. Fix a G Q k (Z/ G). Recall the definition of a $-basic form Definition 12.531 There exists 
o"i G f2|(M) such that i*^o~i = 7T? k \<t. Averaging, we can assume that o\ is G-invariant. 
Since i is orbital with respect to Az and A, orbits in Ojy z are contained in orbit-type strata 
Z^uy By Lemma f2.54[ for each Z^y ^H) ai * s basic on Z^y Thus, 

H ■= i*{o-i\^k ifAh{ ) G Q basic (Z). 

By Lemma [4.221 there exists a basic form a G Q k asic (M) such that i*a = [i. Now for each 
(H), we have i*( H yCr is a basic form on Z( H y In particular, i1 K ^ is basic on Z^ K y and so 
descends to a on [Z/G){Ky D 

Theorem 4.27. There is an isomorphism of complexes q : (Q(Z/G),d) — > (Cl(Z/G), d) such 
that for any a G Vt k (Z/G), s((t)\( Z /g) {k) = o. 

Proof. Fix a G Vt k (Z/G). Then by Lemma KM there exists a G Q k basic {M) such that i* {K) a = 
TT* K ^a. By Theorem 14. 14\ there exists fi G Cl k (M/G) such that n*fi = a. By Lemma f3.78[ j is 
orbital with respect to Ham(Z/G) and Vect(M/G). Define /i := G ^Ham(z/G)(^/ ( ^)- Now 
since Znc) is open in Z and is a G-manifold, by Lemma f3.74[ we have that T z Z^k) — Tf z Z 
for all z G Zik)- Similarly, T x (Z/G)ik) = Tx Z (Z/G) for all x G (Z/G)ik)- Hence, tx z * 
is a surjective map between Tf z Z and T^^ Z (Z/G) for all £ G ^(x)- For x G (Z/G)(k) 
and i> 1( G T^ &Ui<yZ ^ G \Z / G) with G f^ z Z so that 7Tz(z) = x and vr^* 1 ^ = Vi for each 
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fl{Vi,...,V k ) =fi{j*Vi,...,j m V k ) 

=n* K) a(v u ...,v k ) 
=cr(ui, ...,v k ). 

Since [Z/G)(k) is open and dense in Z/G, fi is the unique extension of o to ^Hamfz/G) {^/G) ■ 
We thus have defined a map ? : Q k (Z/G) — > ^Ham(z/G)(^/^)- ^ * s an exterior algebra ho- 
momorphism. We claim it is an isomorphism. To show this, we construct its inverse. 

Fix fi G ^Ham(z/G)(^/^)- Then by Lemma [4.251 there exists a unique // G Cl k (Z/G) such 
that /i'|(z/G) (/f) = A t l(z/G) (K) • By Lemma \i.ll\ n7. is orbital with respect to Az and Vect(Z/G), 
and by Theorem Ol 7rJ(fi fc (Z/G)) C (l k asic (Z). Thus, vr^// is basic. By Lemma O! there 
exists 5" G Q k asic (M) such that z*cr = 7r|//. We conclude that /^|(z/G) (K) £ fi fc (Z/G). This 
is simply the restriction map \(z/G), K \, which is an exterior algebra homomorphism. Denote 
this map by g. 

It is clear that <j and g are inverses of one another. It remains to show that these are 
isomorphisms of complexes, that is, that they commute with the exterior derivative d. But 
for any cr = g(/i) G Q k (Z/G), 

d(s(<j)) = d(s(g((JL))) = dfj,. 

But 

dfl = <(^)|(z/G) (ff) ) = ?(d(/x|(z/ G ) (x) ))- 

Since fi\(z/G) {K) — £?(a0 — this establishes the isomorphism of complexes. Composing q 
with the isomorphism of complexes from Lemma [4. 25} we have our result. □ 

We now restate the main theorem. Let G be a compact connected Lie group acting in 
a Hamiltonian fashion on connected symplectic manifolds (M,u) and (M',u/), each with 
proper momentum maps <3> and respectively. Let Z := $ _1 (0) and Z' := $'~ 1 (0). 

Main Theorem. If F is a diffeomorphism from Z/G to Z'/G, then F induces an isomor- 
phism of de Rham complexes (Q(Z/G),d) and (Q(Z'/G),d). 

Proof of Main Theorem. By Theorem I4.27[ (£l(Z/ G), d) is isomorphic as a complex to {Cl(Z/ G),d), 
and similarly (Jl(Z'/G),d) is isomorphic to (Cl(Z'/G),d). Since F is a diffeomorphism from 
Z/G to Z'/G, it is orbital and so induces an isomorphism of complexes F* : (Cl(Z'/G), d) — > 
(Cl(Z/G),d). Putting these isomorphisms together, we obtain an isomorphism of complexes 
from (Q(Z'/G),d) to (Q(Z/G),d). ' □ 
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5. Reduction in Stages 



One application of the above theorem is to reduction in stages without regularity condi- 
tions. More details are given in [T3], but we review briefly. 

Let Gi and 67 2 be compact Lie groups acting on a smooth connected symplectic manifold 
(M, u) such that their actions are Hamiltonian, and the actions commute. Then, G = G1XG2 
acts on M in a Hamiltonian way, and the corresponding momentum maps $1 : M — > q{ and 
$2 : M — > Q2 combine to form the momentum map for the 67-action: $ = (<3>i, $2) : M — > 
qI x Note that we can assume that $ is equivariant, which is equivalent to $1 being 
(^-invariant, and $2 being Gi-invariant (these conditions we can obtain via averaging). One 
can obtain a symplectic quotient in three different ways. The first way is as follows: take 
Zi : = $f 1 (0). This is a Gi-space. We obtain a G 2 -space, the quotient Zi/G\, which is 
in fact Hamiltonian with respect to the symplectic strata of the quotient (again, see |14|). 
The corresponding momentum map, denoted $' 2 , is obtained from the restriction of $ 2 to 
Z\, which is Gi-invariant. Thus, we can let Z12 '■— ^' 2 ~ 1 (0), and take the corresponding 
quotient: Zi 2 /G2- 

The second symplectic quotient is obtained by repeating the above procedure, but with 
Gi, $1, etc., replaced with G 2 , $2 and so on. The resulting quotient will be denoted by 
Z21/G1. Lastly, we can get a quotient directly from M: let Z := $ _1 (0). Then Z/G is a 
smooth stratified space with symplectic strata. 

Z 1 M Z 2 

., 

Z\2 *~ Z\/Gi Z Z2/G2 ■* Zi\ 

Z12/G2 Z/G * Z21/G1 



Theorem 5.1. The three symplectic quotients Z 12 /67 2; Zi\jG\ and Z/G are all diffeomor- 
phic. 

Proof. Lerman-Sjamaar show in [H] that all three spaces are homeomorphic, and their cor- 
responding rings of smooth functions are isomorphic. In other words, these three quotients 
are diffeomorphic as subcartesian spaces. □ 

Remark 5.2. In fact, Lerman-Sjamaar show that the three quotients above have isomorphic 
Poisson algebra structures induced by the G-action. 

Corollary 5.3. The three complexes [Vl{Z 12 /G 2), d), (Q(Z2i/G\),d) and (Q(Z/G),d) are 
pairwise isomorphic. 

Proof. This is an immediate consequence of Theorem 15.11 and the Main Theorem HI □ 

Remark 5.4. The above corollary is a new result. It was previously proved in special cases, 
as described in Sjamaar's paper |29| . 
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Final Words: While the purpose of defining orbital differential forms on subcartesian 
spaces in this paper is to prove that the differential forms introduced by Sjamaar on the 
symplectic quotient are intrinsic, they are interesting objects on their own. They have been 
specifically tailored for the study of spaces partitioned into orbits of a family of vector 
fields. However, there are other definitions of differential forms on subcartesian spaces. In 
particular, those defined by Marshall satisfy a Stokes' theorem and a de Rham theorem (see 
|17| . |18j . and (35] ) ) - The author suspects that orbital differential forms are isomorphic to 
the forms of Marshall on subcartesian spaces under mild conditions (e.g. the subcartesian 
space is locally acyclic and locally compact). 
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